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Personliche Geschichte

1. Dual-Pivot Quicksort

» Zuféllig von Neuerung fiir Java 7 erfahren

» offensichtliche Fragen
» Warum ist Dual-Pivot Quicksort schneller?
» Warum erst jetzt entdeckt?
» Geht's noch besser?

» Einige Antworten in meiner Doktorarbeit

E/ Munro, Wild: Nearly-Optimal Mergesorts: Fast, Practical Sorting
Methods That Optimally Adapt to Existing Runs, ESA 2018

2. Timsort

» 10+ Jahre im Einsatz
> Aber: Wiederholter Arger

2015
h2018:

> 2018:

subtiler algorithmischer Bug entdeckt!
Fix in Python und Java unterschiedlich

subtiler Bug in Java-Fix entdeckt!

Timsort bis zu 50% verschwenderisch!

~» Fundamentales Problem in Merge-Policy!

» Unsere Merge-Policy
Powersort behebt all das!

POWER

~ ersetzt sukzessive
alte Policy in Libraries

sort=1
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What Is a University?
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originally from universitas magistrorum et scolarium

= the “whole” of masters and students

last 200 years: Humboldt’s Ideal
unity in teaching and research

Why should students care?

Wilhelm von Humboldt

educational reformer of
early 19th century Prussia

Researchers are (necessarily!) up to date
Research is learning
Public funding follows research

Research is the arena for universities
in the competition for talent

Chance to get involved in forefront of human inquiry!
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Adaptive Sorting

Adaptive algorithm: exploit “structure” of input

~ adaptive sorting: exploit “presortedness”

few inversions

few runs

few outliers

... many more

up to constant factors!

@ optimal algorithms known for many
measures of presortedness
Want:
@ Optimal up to lower order terms

‘;\)ﬁ practical methods

o low overhead for (©
detecting presortedness $@F°

e competitive on inputs
without presortedness
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@ Measured Performance:
actual time on actual machine

@ specific to machine
@ reproducible?
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@ Measured Performance:
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Algorithm Science

Algorithm & Systems Engineering Theory of Algorithms

@ Measured Performance:
actual time on actual machine

@ Big-Oh Worst-Case Guarantees:
No matter what the input, cost is O(n?).

@ specific to machine
@ reproducible?
@ does it generalize?
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Algorithm Science

Algorithm & Systems Engineering

Theory of Algorithms
Ee i
@ Big-Oh Worst-Case Guarantees:
No matter what the input, cost is O(n?).

[ﬁ Unconditional promise, mathematically
proven

: @ Pessimism often a poor advisor.
~ Focus on worst case can lead to paralysis.

“Don’t bother. In the worst case, only a constant factor faster.”
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Algorithm Science

i

Theory of Algorithms

Algorithm & Systems Engineering

@ Big-Oh Worst-Case Guarantees:
No matter what the input, cost is O(n?).

@ Measured Performance:
actual time on actual machine

e specific to machine [ﬁ Unconditional promise, mathematically

proven

.
@ reproducible?

Pessimism often a poor advisor.
Focus on worst case can lead to paralysis.

@ does it generalize?

“Don’t bother. In the worst case, only a constant factor faster.”

» E
-

Yay,
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Algorithm Science
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Algorithm & Systems Engineering : Theory of Algorithms

B e s

@ Measured Performance: @ Big-Oh Worst-Case Guarantees:
actual time on actual machine No matter what the input, cost is O(n?).

@ specific to machine ~ [@ Unconditional promise, mathematically

@ reproducible? W’ proven

@ does it generalize? E=eessimism often a poor advisor.

N : 2
\' worst case can lead to paralysis.
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Theory of Algorithms

Algorithm & Systems Engineering

@ Big-Oh Worst-Case Guarantees:
No matter what the input, cost is O(n?).

@ Measured Performance:
actual time on actual machine

@ specific to machine

~ [ﬁ Unconditional promise, mathematically

W’ proven

@ does it generalize? Pessimism often a poor advisor.

— =1 | \‘\ -\ \\ = worst case can lead to paralysis.
St

@ reproducible?

—

& @ Adaptive Analysis

only a constant factor faster.”

@ Abstract Cost Models
precise asymptotic analysis = fine-grained input features
~» quantitative predictions! ~» 2 worst case

all=
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Algorlthm Science

i

Theory of Algorithms

Algorithm & Systems Englneerlng

Basa e N

@ Big-Oh Worst-Case Guarantees:
No matter what the input, cost is O(n?).

@ Measured Performance:
actual time on actual machine

[ﬁ Unconditional promise, mathematically
proven

@ specific to machine

@ reproducible?

— DPSSImlsm often a poor advisor.
orst case can lead to paralysis.

@ does it generalize?

Vo  — = “ ( '\
= . © Abstract Cost Models S @ Adaptlve Analysis

precise asymptotic analysis = fine-grained input features
~ quantitative predictions! ~ = worst case

LENYD C_ e _—an > RRA ) | MWewt TP

~anly a constant factor faster.”

Platform-independent performance guarantees

@ concrete quantitative model

o validated by experiments

C

———
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Why Java?

@ Open-Source reference implementation Open/DK

@ Basis for Oracle JRE, Android JRE ~~ might contain executed algorithms in existence!

@ within new millenium: all-new sorting methods!

| G

@ Dual-Pivot Quicksort
@ for primitive types
(int [], double[] etc.)
@ 2008 Started as hobby project

by Viadimir Yaroslavskiy
(Sun Microsystems)

@ since 2009 in Open)DK
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@ Dual-Pivot Quicksort
@ for primitive types
(int [], double[] etc.)
@ 2008 Started as hobby project

by Viadimir Yaroslavskiy
(Sun Microsystems)

@ since 2009 in Open)DK

-

@ Timsort

for objects (Object [1)
adaptive stable mergesort

2002 developed for 1ist.sort
in CPython by Tim Peters

since 2009 in Open)DK
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Case Study: Sorting in Java Library

Why Java?

@ Open-Source reference implementation Open/DK

@ Basis for Oracle JRE, Android JRE ~~ might contain executed algorithms in existence!

@ within new millenium: all-new sorting methods!

| G

@ Dual-Pivot Quicksort
@ for primitive types
(int [], double[] etc.)
@ 2008 Started as hobby project

by Viadimir Yaroslavskiy
(Sun Microsystems)

@ since 2009 in Open)DK

-

© Timsort

for objects (Object [1)
adaptive stable mergesort

2002 developed for 1ist.sort
in CPython by Tim Peters

since 2009 in Open)DK

@ both algorithms from developers

~+ Focus: Benchmarks & Unit-Tests
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Quicksort Implementations in Libraries

Context: Internal, unstable, general-purpose sorting methods

Invention of Quicksort Dual-Pivot Quicksort in Java

Ancient World Age of classic Quicksort Dual-Pivot Era

| | | || | | | | |

f f (I f f T I
1961 1969 1975 78 1993 1997 2009 today
62 77 oy
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Quicksort Implementations in Libraries

Context: Internal, unstable, general-purpose sorting methods

1961,62 Hoare: publication, first analysis

1969 Singleton: median-of-three & Insertionsort on small subarrays
1975-78 Sedgewick: analysis of many optimizations

1993 Bentley, Mcllroy: duplicate elements & “ninther”

1997 Musser: O(n logn) worst case by truncating recursion

Invention of Quicksort Dual-Pivot Quicksort in Java

Ancient World Age of classic Quicksort \ Dual-Pivot Era
| | | [ ]
I I T I I T I
1961 1969 1975 78 1993 1997 2009 today
'62 77 11
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1969 Singleton: median-of-three & Insertionsort on small subarrays
1975-78 Sedgewick: analysis of many optimizations

1993 Bentley, Mcllroy: duplicate elements & “ninther”

1997 Musser: O(n logn) worst case by truncating recursion

~ Basic algorithm settled since 1961; latest tweaks from 1990's.
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Quicksort Implementations in Libraries

Context: Internal, unstable, general-purpose sorting methods

1961,62 Hoare: publication, first analysis
1969 Singleton: median-of-three & Insertionsort on small subarrays
1975-78 Sedgewick: analysis of many optimizations
1993 Bentley, Mcllroy: duplicate elements & “ninther”
1997 Musser: O(n logn) worst case by truncating recursion
~ Basic algorithm settled since 1961; latest tweaks from 1990's.

[ Since then: Almost identical in all programming libraries! ]

Invention of Quicksort

Ancient World Age of classic Quicksort

Dual-Pivot Quicksort in Java

\ Dual-Pivot Era
[

| | |
I I T I I

1961 1969 1975 78 1993 1997
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Quicksort Implementations in Libraries

Context: Internal, unstable, general-purpose sorting methods

2008 —2009 Vladimir Yaroslavskiy (developer at Sun)
experiments with Quicksort with two pivots

2009-2011 optimizations by Joshua Bloch, Jon Bentley and others
11 Sep 2009 announcement on Java core library mailing list

29 Oct 2009 inclusion in development version of Open)DK

28 July 2011 public release of Java 7 with Yaroslavskiy-Bentley-Bloch (YBB) Quicksort
13 Nov 2019 Major update of Dual-Pivot Quicksort for Java 14

Invention of Quicksort Dual-Pivot Quicksort in Java

Ancient World Age of classic Quicksort \ Dual-Pivot Era
| | |

1961 1969 1975 78 1993 1997 2009

i

today
'62 77 1
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Open)DK’s Dual-Pivot Quicksort

@ With Java 7 (2009), tried-and-tested Quicksort implementation in OpenJDK
replaced with Dual-Pivot Quicksort

used for primitive types
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Open)DK’s Dual-Pivot Quicksort

@ With Java 7 (2009), tried-and-tested Quicksort implementation in OpenJDK
replaced with Dual-Pivot Quicksort used for pmilive types
@ Why change a well-tested implementation?

9 f
. 8 |
time
10-¢-nihn
7 4+
Normalized Java runtimes (in ms).
e Average of 1000 random permutations per size (int[]).
f f
0 0.5 1 1.5 2
n
-10¢
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. 8 |
time
10-¢-nihn
7 4+
Normalized Java runtimes (in ms).
e Average of 1000 random permutations per size (int[]).
f f
0 0.5 1 1.5 2
n
-10¢

Sebastian Wild So sortiert man heute! 2026-07-08 8/35



Open)DK’s Dual-Pivot Quicksort

@ With Java 7 (2009), tried-and-tested Quicksort implementation in OpenJDK

replaced with Dual-Pivot Quicksort

used for primitive types

@ Why change a well-tested implementation?

time

106 .nlnn

Sebastian Wild

0.5

1 1.5
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—e— Java 7 Library

Normalized Java runtimes (in ms).

Average of 1000 random permutations per size (int[]).
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Open)DK’s Dual-Pivot Quicksort

@ With Java 7 (2009), tried-and-tested Quicksort implementation in OpenJDK

replaced with Dual-Pivot Quicksort

used for primitive types

@ Why change a well-tested implementation?

. 8 |
time
106 .nlnn
7 1
5 - .

~ Another Algorithm-Science case study!

Sebastian Wild

1 1.5

So sortiert man heute!

106

—o— Java 6 Library

—e— Java 7 Library

Normalized Java runtimes (in ms).

Average of 1000 random permutations per size (int[]).
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Quicksort: Conceptual View

Single-Pivot Quicksort
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© Choose pivots P.
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Quicksort: Conceptual View

Single-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

o small for x<P

o EREVGIM for P < x

by comparing x to P.
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Quicksort: Conceptual View

Single-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o QUEITCHN for P < x< inthistalk

by comparing x to P.
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Quicksort: Conceptual View

Single-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o QUEITCHN for P < x< inthistalk

by comparing x to P.

@ Arrange elements according to classes:
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Quicksort: Conceptual View

Single-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o QUEITCHN for P < x< inthistalk

by comparing x to P.

@ Arrange elements according to classes:

@ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o QUEITCHN for P < x< inthistalk

by comparing x to P.

@ Arrange elements according to classes:

@ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort Dual-Pivot Quicksort
© Choose pivots P.

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o QUEITCHN for P < x< inthistalk

by comparing x to P.

@ Arrange elements according to classes:

@ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort Dual-Pivot Quicksort
© Choose pivots P. © Choose two pivots P < P,

@ For each element x, determine its class

] small for x < P\assuming
distinct elements

o BRETTIM for P < x< inthisulk

by comparing x to P.

@ Arrange elements according to classes:

@ Sort subarrays recursively.

Sebastian Wild So sortiert man heute! 2026-07-08



Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort Dual-Pivot Quicksort
© Choose pivots P. © Choose two pivots P < P,
@ For each element x, determine its class @ For each element x, determine its class
-] small fOI’ x < P(\assuming ° Sma" for x < P]

distinct elements R m for P <x <P
o BRETTIM for P < x< inthisulk ' X

ofor P, <x

by comparing x to P.
Y paring by comparing x to pivots P; and P,

@ Arrange elements according to classes:

@ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort Dual-Pivot Quicksort
© Choose pivots P. © Choose two pivots P < P,
@ For each element x, determine its class @ For each element x, determine its class

° mall for x <P
o small for x < P(\assuming sma <™

distinct elements R m for P <x <P
o BRETTIM for P < x< inthisulk ' X

. ° for P2 <x
by comparing x to P. Dijkstra’s Dutch . .
National Flag Problem by comparing x to prOtS P1 and PZ

© Arrange elements according to classes: © Arrange elements according to classes:

@ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksort Dual-Pivot Quicksort
© Choose pivots P. © Choose two pivots P < P,
@ For each element x, determine its class @ For each element x, determine its class

° mall for x <P
o small for x < P(\assuming sma <™

distinct elements R m for P <x <P
o BRETTIM for P < x< inthisulk ' X

. ° for P2 <x
by comparing x to P. Dijkstra’s Dutch . .
National Flag Problem by comparing x to prOtS P1 and PZ

© Arrange elements according to classes: © Arrange elements according to classes:

@ Sort subarrays recursively. @ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksg~+ 'RV I, TP WK

@ Choose pivots | How to do @ efficiently and in place?

@ For each elemenTXx, determine It class or each element x, determine its class

o small for x <P
(] small for x < P<\assuming [

distinct elements R m o Tk e
o QBT for P < x< inthistlk : :

. ° for P, < x
by comparing x to P. Dijkstra’s Dutch . .
National Flag Problem by Compa”ng x to prOtS P1 and PZ

© Arrange elements according to classes: © Arrange elements according to classes:

@ Sort subarrays recursively. @ Sort subarrays recursively.
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Dual-Pivot Quicksort: Conceptual View

Single-Pivot Quicksg~+ 'RV I, TP WK

@ Choose pivots | How to do @ efficiently and in place? ~ YBB Partitioning

@ For each elemenTXx, determine It class or each element x, determine its class

o small for x <P
(] small for x < P<\assuming [

distinct elements R m o Tk e
o QBT for P < x< inthistlk : :

. ° for P, < x
by comparing x to P. Dijkstra’s Dutch . .
National Flag Problem by Compa”ng x to prOtS P1 and PZ

© Arrange elements according to classes: © Arrange elements according to classes:

@ Sort subarrays recursively. @ Sort subarrays recursively.
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Basic Algorithms

CLASSICQUICKSORT (A, left, right)

NG RWw N =

N = ©

if right < left then return

P := Alright]
k := left—1; g := right
while true

do k := k+ 1 while A[k] < P end while
do g := g — 1 while A[g] > P end while
if k > g then break while end if
Swap A[k] and Alg]
end while
Swap A [k] and A [right]
CLASSICQUICKSORT (A, left ,k—1)
CLASSICQUICKSORT(A, k + 1, right )

Sebastian Wild

So sortiert man heute!
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Basic Algorithms

[ NE N

while true
do k := k+ 1 while A[k] < P end while
do g := g — 1 while A[g] > P end while
if k > g then break while end if
Swap A[k] and Alg]

end while

Sebastian Wild

So sortiert man heute!
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Basic Algorithms

4 while true

5 do k := k+ 1 while A[k] < P end while
6 do g := g — 1 while A[g] > P end while
7 if k > g then break while end if

8 Swap A[k] and Alg]

9 end while

@ Classic Quicksort

Sebastian Wild

So sortiert man heute!
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Basic Algorithms

4 while true

5 do k := k+ 1 while A[k] < P end while
6 do g := g — 1 while A[g] > P end while
7 if k > g then break while end if

8 Swap A[k] and Alg]

9 end while

@ Classic Quicksort
e crossing-pointer scheme

Sebastian Wild

6—-6

So sortiert man heute!
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Basic Algorithms

4 while true

5 do k := k+ 1 while A[k] < P end while
6 do g := g — 1 while A[g] > P end while
7 if k > g then break while end if

8 Swap A[k] and Alg]

9 end while

@ Classic Quicksort
e crossing-pointer scheme T—

i —~
e symmetric treatment p|4q
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Basic Algorithms

4 while true
5 do k := k+ 1 while A[k] < P end while
6 do g := g — 1 while A[g] > P end while
7 if k > g then break while end if
8 Swap A [k] and Alg]
9 end while Invariant
k 9

@ Classic Quicksort
e crossing-pointer scheme T—

i —~
e symmetric treatment p|4q
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Basic Algorithms

YBBQUICKSORT (A, left, right)

1
2
3
4 while true 4
5 do k := k+ 1 while A[k] < P end while 5
6 do g := g — 1 while A[g] > P end while 6
7 if k > g then break while end if 7
8 Swap A [k] and Alg] 8
9 end while Invariant P
10
Q ! 1
k g 12
13
. . 14
@ Classic Quicksort 15
e crossing-pointer scheme — :i

I’
e symmetric treatment p|4 :2
. 20
@ YBB Quicksort 21
22
23

Sebastian Wild So sortiert man heute!

if right < left then return
Py = Alleft]; Py := Alright]
if Py > P, then Swap P; and P, end if
L:=left+1;, g:=right—1;, k:=1¢
whilek < g
if Alk] <Py
Swap Alk]and A[€]; € := €+ 1
elseif A[k] > Py
while A[g] > P, andk < g
gi=g—1
end while
Swap A[k]and Alg]l; g:=g—1
if Alk] <Py
Swap Alk]and A[€]; €:=¢0+1
end if
end if
k:i=%k+1
end while
t:=¢0—-1, g:=g+1
Swap A [left] and A[€] ; Swap A[right] and A[g]
YBBQUICKSORT(A, left ,€—1)
YBBQUICKSORT(A, £+ 1,g—1)
YBBQUICKSORT(A, g + 1, right )
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Basic Algorithms

4 while true
5 do k := k+ 1 while A[k] < P end while 5 whilek < g
6 do g := g — 1 while A[g] > P end while 6 if Alk] <P,
7 if k > g then break while end if 7 Swap Alk]and A[€]; € := €+ 1
8 Swap A[k] and Algl 8 else if A[k] > P,
9 end while Invariant 0 while A[g] > P, andk < g
10 g:=9g—1
Q ! 11 end while
k g 12 Swap Alk]and Algl; g:=g—1
13 if Alk] <Py
. . 14 Swap Alk]and A[€]; €:=¢0+1
@ Classic Quicksort 15 end if
. . A A 16 end if
e crossing-pointer scheme ' m—" . K o— kit
I N
e symmetric treatment p|4q 15 end while

@ YBB Quicksort
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Basic Algorithms

4 while true
5 do k := k+ 1 while A[k] < P end while 5 whilek <g
6 do g := g — 1 while A[g] > P end while 6 if Alk] <P,y
7 if k > g then break while end if 7 Swap A[k]and A[€]; € := €+ 1
8 Swap A[k] and Algl 8 else if A[k] > P2
o end while Invariant 9 while A[g] >P; andk < g
10 g:=9g—1
Q ! 11 end while
k g 12 Swap Alk]and Algl; g:=g—1
13 if Alk] < Py
. . 14 Swap Alk]and A[€]; €:=0+1
@ Classic Quicksort 15 end if
. . A A 16 end if
e crossing-pointer scheme " o ko= k41
i <V 18 end while Invariant
e symmetric treatment p|4
@ YBB Quicksort %]
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Basic Algorithms

4 while true
5 do k := k+ 1 while A[k] < P end while 5 whilek <g
6 do g := g — 1 while A[g] > P end while 6 if Alk] <P,y
7 if k > g then break while end if 7 Swap A[k]and A[€]; € := €+ 1
8 Swap A[k] and Algl 8 else if A[k] > P2
o end while Invariant 9 while A[g] >P; andk < g
10 g:=9g—1
Q ! 11 end while
k g 12 Swap Alk]and Algl; g:=g—1
13 if Alk] < Py
. . 14 Swap Alk]and A[€]; €:=0+1
@ Classic Quicksort 15 end if
. . A A 16 end if
e crossing-pointer scheme " o ko= k41
i <V 18 end while Invariant
e symmetric treatment p|4
@ YBB Quicksort %]

IS4

o ...looks messy '/17_;
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YBB Partitioning Example
/X

swap(%] [<P2?]

=s>» while k < g
/| X 6 if Alk] <Py
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g
g J U J 1o NI

11 end while

12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if

Pq P2 16 end if
17 k:=k+1

® 5

7 4 2 8 @ 18 end while

Invariant: | P1 | | P2 |
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YBB Partitioning Example

s c
/X
[swap(%] [<P2?]
B ¢
N\ N

Invariant: | Pq |

[P

Sebastian Wild

So sortiert man heute!

5 whilek <g

6 == if A[k] < P,

7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,

9 while A[g] > P; andk < g

10 g:==g—1

11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if

16 end if

17 k:=k+1

18 end while

2026-07-08 12/35



YBB Partitioning Example

( (
/)X
[swap(%] I<P2?I
/] X
. |

Invariant: | Pq |

[P

Sebastian Wild

So sortiert man heute!

while k < g
if Alk] <P,
Swap Alk]and A[L]; € := 2+ 1
= else if A[k] > P,
while A[g] > P, andk < g
g:==g—1
end while
Swap Alk]and Alg]; g:=g—1
if Alk] <P,
Swap Alk]and A[¢]; €:=€+1
end if
end if
k:=k+1
end while
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YBB Partitioning Example

s N s A
/X
[swap(%] [<P2?]
5 whilek < g
/| X 6 if Alk] <Py

7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g

g J U J 1o NI
11 end while
12 Swap Al[k]and Alg]; g:=g—1
13 if Alk] < P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if

Pq P2 16 end if
17 wep k := k+ 1

@ 1 7 4 P 8 @ 15 end while

Invariant: | P1 | | P2 |

Sebastian Wild So sortiert man heute! 2026-07-08 12/35



YBB Partitioning Example

14

15 end if
P2 16 end if

17 k:=k+1

s A
/X
[swap(%] [<P2?]
5 whilek <g
/| X 6 = if Alk] <P

7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P>
9 while A[g] > P; andk < g

. ) 10 g:==9g-—1
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] < P,

Swap Alk]and A[¢]; €:=€+1

@ 18 end while

Invariant: m P1<o<P;

[P

Sebastian Wild

So sortiert man heute! 2026-07-08
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YBB Partitioning Example

5 whilek <g
/| X 6 if Alk] <Py
7 =3 Swap Alk]and A[l]; € := L+ 1
8 else if A[k] > P>
9 while A[g] > P; andk < g
g J U J 1o NI
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if
17 k:=k+1
1 7 4 2 8 @ 18 end while

(I
Invariant: | P, |
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YBB Partitioning Example

( (
/)X
Iswap(%] [<P2?]
/] X
. |

Invariant: m P1<o<P;

[P

Sebastian Wild

So sortiert man heute!

whilek < g
if Alk] <P,
=3 Swap Alk]and A[l]; € := L+ 1
else if A[k] > P>
while A[g] > P, andk < g
g:==g—1
end while
Swap Alk]and Alg]; g:=g—1
if Alk] <P,
Swap Alk]and A[¢]; €:=€+1
end if
end if
k:=k+1
end while

2026-07-08 12/35



YBB Partitioning Example

.0

Invariant: m P1<o<P;

Sebastian Wild

[P

So sortiert man heute!

14
15
16
17
18

while k < g
= if Alk] <P,
Swap Alk]and A[L]; € := 2+ 1
else if A[k] > P,
while A[g] > P, andk < g
g:==g—1
end while
Swap Alk]and Alg]; g:=g—1
if Alk] <P,
Swap Alk]and A[¢]; €:=€+1
end if
end if
k:=k+1
end while
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YBB Partitioning Example

e A
5 whilek <g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
g8 == else if A[k] > P,
9 while A[g] > P; andk < g
10 g:==g—1
N = 11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if
16 end if
17 k:=k+1

18 end while

Invariant: m P1<o<P; | P> |
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YBB Partitioning Example

N
5 whilek < g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 =3 while A[g] > P andk < g

g J U J 1o NI
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if
k:=k+1

17

@ 1 4 2 8 @ 15 end while

Invariant: m P1<o<P; | P> |
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YBB Partitioning Example

N
5 whilek < g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 =3 while A[g] > P andk < g

g J U J 1o NI
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if
k:=k+1

17

@ 1 4 2 @ 18 end while

Invariant: m P1<o<P; | P> |
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YBB Partitioning Example

N
5 whilek <g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g
10 - g:=g—1
N = S = 11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] < P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if

G i s 2 @ © 1+ enduhie

Invariant: m P1<o<P; | P> |
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YBB Partitioning Example

N
5 whilek < g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 =3 while A[g] > P andk < g

g J U J 1o NI
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if
k:=k+1

17

@ 1 4 n @ 18 end while

Invariant: m P1<o<P, > P,
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YBB Partitioning Example

~
5 whilek <g
6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g
10 g:==g—1
N = 11 end while
12 Swap Alk]and Alg]; g:=g—1
13 =3 if A[k] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if
16 end if
17 k:=k+1

18 end while

Invariant: m P1<o<P, > P,

Sebastian Wild So sortiert man heute! 2026-07-08 12/35



YBB Partitioning Example
/X

swap(%] [<P2?]

5 whilek <g

/| X 6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g

g J U J 1o NI

11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 = Swap Alk]and A[l]; €:=€+1
15 end if
Pq P2 16 end if
. 17 k:=k+1

@ 1 7 4 2 n @ 18 end while

Invariant: m P1<o<P, > P,
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YBB Partitioning Example
/X

swap(%] [<P2?]

5 whilek <g

/| X 6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P,
9 while A[g] > P; andk < g

L L ) 10 g:==g—1

11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,

14 = Swap Alk]and A[l]; €:=€+1
15 end if
Pq P2 16 end if
17 k:=k+1
2 H

@ 1 5 4 n @ 18 end while

Invariant: m P1<o<P, > P,

Sebastian Wild So sortiert man heute! 2026-07-08 12/35



YBB Partitioning Example

s A
/X
[swap(%] [<P2?]
5 whilek <g
/| X 6 = if Alk] <P

7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P>
9 while A[g] > P; andk < g
10 g:==g—1

~ = 11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] < P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if

Pq 16 end if

17 k:=k+1

@ 1 2 n @ 18 end while

Invariant: |P1 | < Py P1S°SP2- > P>
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YBB Partitioning Example

s A
5 whilek <g
6 if Alk] < P,
7 Swap Alk]and A[L]; € := 2+ 1
g8 == else if A[k] > P,
9 while A[g] > P; andk < g
10 g:==g—1
~ = 11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if
16 end if
17 k:=k+1

18 end while

Invariant: |P1 | < Py P1S°SP2- > P>
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YBB Partitioning Example

/)X

[swap(%] [<P2?]

5 whilek <g

/| X 6 if Alk] <P,
7 Swap Alk]and A[L]; € := 2+ 1
8 else if A[k] > P>
9 while A[g] > P; andk < g

\ J & J 1o SO

11 end while
12 Swap Alk]and Alg]; g:=g—1

13 if Alk] < P,

14 Swap Alk]and A[¢]; €:=€+1
15 end if

Pq P2 16 end if
17 wep k := k+ 1

@ 1 2 n n @ 18 end while

Invariant: |P1 | < P P1<o<P; > P>
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YBB Partitioning Example

YBBQUICKSORT (A, left, right)

1 if right < left then return

2 Py = Alleft]; P, := Alright]

3 if Py > P, then Swap P; and P, end if
4 L= left+1;, g :=right—1; k:=1¢
5 whilek < g
6
7
8

/| X if Alk] <Py
Swap Alk]and A[L]; € := 2+ 1
else if A[k] > P>
9 while A[g] > P; andk < g
g J U J 1o NI
11 end while
12 Swap Alk]and Alg]; g:=g—1
13 if Alk] <P,
14 Swap Alk]and A[¢]; €:=€+1
15 end if
Pq P2 16 end if

17 k:=k+1

18 end while
1 2 n n @ 19 £:=0—-1;, g:=9g+1
t T t T 2= Swap A [left] and A[€] ; Swap A[right] and A[g]
21 YBBQUICKSORT(A, left ,£—1)
22 YBBQUICKSORT(A, ¢+ 1,g—1)
23 YBBQUICKSORT(A, g + 1, right )
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/] X
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YBBQUICKSORT (A, left, right)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

19
20

if right < left then return

Py = Alleft]; P, := Alright]
if P > P, then Swap P; and P, end if
.= left+1, g:=right—1;, k:=1¢
whilek < g

if Alk] < P,

Swap Alk]and A[L]; € := 2+ 1
else if A[k] > P>
while A[g] > P, andk < g
g:==g—1
end while
Swap A[k] and A[g];
if Alk] <P,
Swap A [k] and A[¢];
end if
end if
k:=k+1
end while
t:=¢0—-1, g:=g+1
Swap A [left] and A[€] ; Swap A[right] and A[g]

g:=g—1

C:=10+1

2 YBBQUICKSORT(A, left ,€—1)

22
23

YBBQUICKSORT(A, ¢+ 1,g—1)
YBBQUICKSORT(A, g + 1, right )
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/)X
[swap(%] [<P2?]
/] X
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P P2

So sortiert man heute!

YBBQUICKSORT (A, left, right)

® N LR W N =

NN NN = = o o oo oo a oo
WN =00 ENGOGEWN= OO

if right < left then return
Py = Alleft]; P, := Alright]
if P > P, then Swap P; and P, end if
.= left+1, g:=right—1;, k:=1¢
whilek < g
if Alk] < P,
Swap Alk]and A[L]; € := 2+ 1
else if A[k] > P>
while A[g] > P, andk < g
g:==g—1
end while
Swap Alk]and Alg]; g:=g—1
if Alk] <P,
Swap Alk]and A[¢]; €:=€+1
end if
end if
k:=k+1
end while
t:=¢0—-1, g:=g+1
Swap A [left] and A[€] ; Swap A[right] and A[g]
YBBQUICKSORT(A, left ,€—1)
YBBQUICKSORT(A, ¢+ 1,g—1)
YBBQUICKSORT(A, g + 1, right )
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@ Consider first partitioning step.

@ How many #cmps per element?
Well, either 2 or 1.
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Comparisons

How many comparisons on average?

@ Consider first partitioning step.

@ How many #cmps per element?
Well, either 2 or 1.

@ How many on average?

Analysis Sketch:

@ Have to compare with one pivot first, say Py .
(Similar if P used first.)

~+ 1 cmp for small elements,

2 cmps for BplEeiin and .

@ On average, ~ %n elements each kind.

~ onaverage 2 % + 1.1 = 3 cmps per element

@ Sounds plausible?
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@ Consider first partitioning step.

@ How many #cmps per element?
Well, either 2 or 1.

@ How many on average?
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How many comparisons on average?

@ Consider first partitioning step.

@ How many #cmps per element?
Well, either 2 or 1.

@ How many on average?

Problem: There are correlations.

are with one pivot firs ° | | -:|

many small elements ~~ k’s range big

many QEIELH elements ~~ g’s range big
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@ Sounds plausible? ...but it's wrong! > 3n cheap elements on average.
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Comparisons

How many comparisons on average?

@ Consider first partitioning step.

@ How many #cmps per element?
Well, either 2 or 1.

@ How many on average?

Problem: There are correlations.

are with one pivot firs ° | | -:|

many small elements ~~ k’s range big

many QEIELH elements ~~ g’s range big

1
@ Sounds plausible? ...but it's wrong! > 3n cheap elements on average.

How many? ... stay tuned.

Sebastian Wild

So sortiert man heute! -07- 13/35



So sortiert man heute! 2026-07-08 14/35



Mathematical Analysis of Algorithms

Random Model

ents chosen uniformly in (0, -~

« pairwise distinct almost surcly
'

s relative ranking i a random permutation

lent to classic model ik

S
a Known distribution: D = (Dy, Dz, Ds)

D), D) uniform in 20 simplex {x,

AN
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Mathematical Analysis of Algorithms

¥

Random Model

& ni.i.d. elements chosen uniformly in (0,1) /

Comparisons in YBB Partitioning

« pairwise distinct almost surcly

0 '
s relative ranking i a random permutation

caquivalent o classic model » {
@ For duak-pivot Quicksort with fixed pivots P; 1
« pr{ ORI - By e, we have |
conditonal on {
o RLo:) HypGln—2 [, 15)
(112, 13) 2 i 2, )
Lwhp
3 )
3 4
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Mathematical Analysis of Algorithms

Random Model Comparisons in YBB Partitioning

. elements chosen uniformly in (0,1)

a t(n): El#cmps] in first parttioning step.
o [13]: number of [smalll elements; [, I <imilar

Comparisons in YBB Partitioning

« pairwise distinct almost surcly

'
@ relative ranking is a random permutation a [&]: #elements scanned by k; [B€ ~ I + 1,

“ a k‘ @ S@X: #small elements in ks range;

@ For dual-pivot Quicksort with fixed pivots Py <

- P - conditional on T of large clements ~ tn) ~

o <@ 5 = Hpcn -2l L) @@ @)

- ) - Co

Pl

@ Known distribution: D = (Dy,D2,D3) £ Dirichlet(1,1,1). @0

D, D) uniform in 2D simplex {x,y € (0,1) : x+y <1} (11, 12,13) 2 MGltin — 2,0)

Bn Lwhp
i o
o i
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Mathematical Analysis of Algorithms

Random Model

. elements chosen uniformly in (0,1)
]

< st king e 3 acenprmataion
@ For duak-pivot Quicksort with fixed pivots Py <

P
o -m
p———

« Known distion: 0 (D1, D3.Ds) 2 Diichiet, 1)

D,D2) uniform in 2 simplex {x,y € (0,1):x+y <1}

Comparisons in YBB Partitioning
@ t[n): E[#emps] in first partitioning step
. _

5 = HpGn-2M 1) @@ @)
Co

(1, 12,15) 2 padhin - 2,0)
Lwhp

Draw positons
e clements

Recurrence

cmps] for sorting

cn) = tin) + E[El) + & ||

= g+ B[eDR )] + E[E ]+

ce without error term by ansatz:

. O

Sebastian Wild

So sortiert man heute!

a t(n): El#cmps] in first parttioning step.
o [1i]: number of [smalll elements; [, I <imilar

#elements scanned by k; & ~ 1 + 1

o B@K: #smalll elements in ks range

- )~
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Mathematical Analysis of Algorithms

Random Model

. elements chosen uniformly in (0,1)

a t(n): El#cmps] in first parttioning step.
o [13]: number of [smalll elements; [, I <imilar

Comparisons in YBB Partitioning

« pairwise distinct almost surcly

'
s relative ranking is 2 random permutation B . ] & [K: #elements scanned by k; [ ~ Iy + 1
alent to cassic model @ t{n): El#iemps] in firt partitioning ste b
equivalent del (n): Eltemps] pa % step @ 5@K: #small elements in [k's range;
@ For dual-pivot Quicksort with fixed pivots Py < °
<\ Draw posiions

e clements

- o EUEE - B
-B

0
- v R B

S
a Known distribution: D= (D3, D,Ds) 2 Dirichlet(1,1,1).

conditonslon - t(n) ~ n - Ef@X) - El@9]
Hpcn-2 @1 (@@ @)
@

Mult(n - 2,0)

(Iy,12,13) £ paGltin — 2,0)
n Lwhe

D,D2) uniform in 2 simplex {x,y € (0,1):x+y <1}

Recurrence

a cln): Elfemps) for sorting
@ Must earn fgint) ~ nlgr bits of information 1o sort.

cm) = ) + B[l @ For fixed B, one clasiication (sl [ESEE) NN

= fin o+ E[e(Di] )] +E Yields"3y(B) =~ 3 D, Ig(D,) bits of informatiof

ce without error term by ansatz - Average information yied: 1 = E{%, (D) /a bits per comparison

gln!

Need
7 B

Sebastian Wild So sortiert man heute! 2026-07-08 14/35



Mathematical Analysis of Algorithms

Sebastian Wild So sortiert man heute! 2026-07-08 14/35



What changes with 2 pivots?

(L
Qs

Dual-Pivot Quicksort Standard Quicksort Relative

[ Difference

(corrected for pivot Sampling)
Pivots (Tertiles of 5)
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What changes with 2 pivots?

Dual-Pivot Quicksort Standard Quicksort Relative

_ Q Difference

(corrected for pivot Sampling)

Pivots (Tertiles of 5)

comparisons €80 ~1.7043 190 ~1.7544 | —2.9%

‘T In n+ O (ﬂ.) average case results
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What changes with 2 pivots?

Dual-Pivot Quicksort Standard Quicksort Relative

Difference

= g (==

k k
(corrected for pivot Sampling)
Pivots (T TIT) (Tertiles of 5)
comparisons €80 ~1.7043 190 ~1.7544 | —2.9%
; 400 272\ % 0

write accesses 300 ~ 1.0025 22~ 0.6817  +47.1% |m——

‘T In n+ O (ﬂ.) average case results
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What changes with 2 pivots?

Dual-Pivot Quicksort Standard Quicksort Relative

.@- Q_ lefEI ence
k k
(corrected for pivot Sampling)

Pivots (T TIT) (Tertiles of 5)

: 680 100 :
comparisons 355 ~ 1.7043 w5 ~ 1.7544 | —2.9%
write accesses 399 ~1.0025 272 ~0.6817  +47.1% |mm——
Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm

‘T In n+ O (ﬂ.) average case results
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What changes with 2 pivots?

Dual-Pivot Quicksort Standard Quicksort Relative

.@- Q_ lefEI ence
k k
(corrected for pivot Sampling)

Pivots (T TIT) (Tertiles of 5)

; 680 100 R
comparisons S50 ~ 1.7043 = ~ 1.7544 | —2.9%

; 400 222\ % 9
write accesses 300 ~ 1.0025 302~ 0.6817  +47.1% |m——

Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm
branch mispredictions 785 _ 535 10m _ 20
= ~ 0. — 29 ~ 0. 2.0%
(2-bit saturating counter) 532 133 0.6131 1 1 0.6008 s '
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What changes with 2 pivots?

Dual-Pivot Quicksort Standard Quicksort Relative

_ Q Difference

(corrected for pivot Sampling)
Pivots (I I creies of s

comparisons €80 ~1.7043 190 ~1.7544 | —2.9%
i 400 2721 % 9
write accesses 300 ~ 1.0025 22~ 0.6817  +47.1% |m——
Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm
branch mispredictions 7857 _ 535 . 10m 20 ., p
(2-bit saturating counter) 532 133 ~ 0.6131 1 19 ™~ 0.6008 +2.0% '
scanned elements (= 1/Os) 80 ~1.4035 19 ~1.7544 | —25.0%

‘T In n+ O [n) average case results
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What changes with 2 pivots?

‘ & g 3
\c;.
( )
Summary:
(. /
comparisons 80 ~ 1.7043 190 ~1.7544 | —2.9%
write accesses 399 ~ 1.0025 272 ~0.6817  +47.1% |m——
Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm
T ections, T8 — 335 ~ 06131 1om 20 06008  +20%)
scanned elements (= 1/Os) 80 ~1.4035 19 ~1.7544 | —25.0%

0 At e
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What changes with 2 pivots?

‘ ~ w"‘ | % “&S

Summary:

@ Only convincing explanation for running times: memory accesses

(. /

comparisons 80 ~ 1.7043 190 ~1.7544 | —2.9%

i 400 2721 % 9
write accesses 300 ~ 1.0025 22~ 0.6817  +47.1% |m——

Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm
branch mispredictions 7857 _ 535 . 10m 20 ., p
(2-bit saturating counter) 532 133 ~ 0.6131 1 19 ™~ 0.6008 +2.0% '

scanned elements (= 1/Os) 80 ~1.4035 19 ~1.7544 | —25.0%

‘T In n+ O [Tl) average case results

AT
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What changes with 2 pivots?

%V » wﬁ

Summary:

@ Only convincing explanation for running times: memory accesses

® Why was dual-pivot Quicksort not used earlier?

(. /

comparisons 80 ~ 1.7043 190 ~1.7544 | —2.9%

i 400 27219 9
write accesses 300 ~ 1.0025 22~ 0.6817  +47.1% |m——

Java Bytecode instructions 1190 ~19.298 2218 ~16.662  +158% jmm
branch mispredictions 7857 _ 535 . 10m 20 ., p
(2-bit saturating counter) 532 133 ~ 0.6131 1 19 ~ 0.6008 +2.0% '

scanned elements (= 1/Os) 80 ~1.4035 19 ~1.7544 | —25.0%

0 AT e
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What changes with 2 pivots?

%V » wﬁ

Summary:

@ Only convincing explanation for running times: memory accesses

® Why was dual-pivot Quicksort not used earlier?
Because it was not faster then!

J

: 580 700

comparisons 355 ~ 1.7043 w5 ~ 1.7544

write accesses 399 ~ 1.0025 272 ~ 0.6817

Java Bytecode instructions 1190 ~19.298 2218 ~ 16.662
branch mispredictions 785w _ 535 . 10m _ 20 .,

(2-bit s:ft)uraling counter) 532 133~ 0.6131 1 TRALN 0.6008

scanned elements (= 1/Os) 80 ~1.4035 19 ~1.7544

] —2.9%
+47.1% |——
+15.8% |mm

+2.0% |

| —25.0%

0 AT e
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Breaking News

@ Open)DK 23 switched partitioning loop again (to “backwards partitioning”)!
https://mail.openjdk.org/pipermail/core-1ibs-dev/2019-June/060915.html

@ Analytical results (Annika Sabel, 2026) show worse comparisons and scanned elements
@ better write accesses

~ Java artefact or foundational algorithmic benefit?
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Multiway Quicksort Summary

Multiway Quicksort
@ tricky asymmetries in YBB Quicksort %

~ saves a few comparisons
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Multiway Quicksort Summary

Multiway Quicksort Much more to tell ...

@ tricky asymmetries in YBB Quicksort %
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© Multiway Quicksort 4
reduces memory transfer

e No other optimization of Quicksort achieves that

@ AofA for Algorithm Science!
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Multiway Quicksort Summary

Multiway Quicksort Much more to tell ...

@ tricky asymmetries in YBB Quicksort %

~ saves a few comparisons

° leltmg %'
distributions — ~ — "+
@ evidence for growing weight & . of costs = —
of memory transfer costs
© Multiway Quicksort 9

reduces memory transfer
e No other optimization of Quicksort achieves that

@ AofA for Algorithm Science!
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Multiway Quicksort Summary

Multiway Quicksort Much more to tell ...

@ tricky asymmetries in YBB Quicksort %

~ saves a few comparisons A 2t

@ Limiting =— ———.

=— '

distributions k

@ evidence for growing weight & - of costs % .

of memory transfer costs

o Sesquickselect 0 I [ I

(cache-efficient selection) | Y P .

© Multiway Quicksort 4
reduces memory transfer

e No other optimization of Quicksort achieves that

@ AofA for Algorithm Science!
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Multiway Quicksort Summary

Multiway Quicksort Much more to tell ...

@ tricky asymmetries in YBB Quicksort %

~ saves a few comparisons

° leltmg %’
(%] distributions —— =
@ evidence for growing weight — of costs = —

of memory transfer costs

o Sesquickselect 0 I [ I

(cache-efficient selection)
© Multiway Quicksort 4

reduces memory transfer NEAAYE
@ QuickXsort m
inplace unstable mergesort

e No other optimization of Quicksort achieves that

@ AofA for Algorithm Science! ——
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Multiway Quicksort Summary

Multiway Quicksort

@ tricky asymmetries in YBB Quicksort
~ saves a few comparisons

4

@ evidence for growing weight Qg -

of memory transfer costs

© Multiway Quicksort 4
reduces memory transfer

e No other optimization of Quicksort achieves that

@ AofA for Algorithm Science!

Sebastian Wild

So sortiert man heute!

Much more to tell ...

@ Limiting
distributions

of costs =—~—

=

@ Sesquickselect m 0 o
(cache-efficient selection)

@ QuickXsort
inplace unstable mergesort

@ Intriguing interplay
of parameters
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Context
Java’s Sorting Methods

Dual-Pivot Quicksort

Timsort }

Powersort

Ulida|/O N ==
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Sorting

@ We use sorting to was | Data | Review
e to make searching faster (binary search!) ﬂ (3] Connections
e clean data (remove dups, get canonical form of things) .\ef:sh SRS
e to present data neatly for users cdiias

Connedtions
e as building block in algorithms (database join, sweepline, ...)

o ... jees
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Sorting

@ We use sorting to

ulas Data Review

e to make searching faster (binary search!)

n | 53] Connections
(]
7] =

T es

clean data (remove dups, get canonical form of things)

tefresh
Allx =

Connedtions

to present data neatly for users

e as building block in algorithms (database join, sweepline, ...)

jees

Sorting in Python
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https://docs.python.org/3/library/stdtypes.html#list.sort
https://docs.python.org/3/library/functions.html#sorted

@ We use sorting to

ulas Data Review

e to make searching faster (binary search!) ﬂ (3] Connections
= T Properties

clean data (remove dups, get canonical form of things)

tefresh

Allr =2E
Connedtions

to present data neatly for users

e as building block in algorithms (database join, sweepline, ...)

o ... jees

Sorting in Python
@ built-in functions: my_list.sort() and sorted(my_list)

e key parameter to specify sorting criterion
e prefer pairwise comparator function? ~» functools.cmp_to_key
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X
[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
[FM70] Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970
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CPython Sorting History

Python Version (Year) Sorting method Remarks Stable?
09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X

2.3.1-3.10.2 2003 Timsort custom mergesort by Tim, [PO1]

almost 20 years unchanged J

(except: caching keys, special pure-type comparisons)

[BM93] Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993
[FM70] Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970
[PO1] Tim Peters et al.: [istsort.txt, CPython sources
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CPython Sorting History

Python Version (Year)

Sorting method

Remarks Stable?

09-14 1991 gsort call to C library, general purpose Quicksort, [BM93] X
1.5-1.6 1998 custom Quicksort inspired by Tim Peters, “NEWSORT” X
20-22 2000 Samplesort Quicksort with clever pivot choice, [FM70] X
2.3.1-3.10.2 2003 Timsort custom mergesort by Tim, [PO1]
almost 20 years unchanged J
(except: caching keys, special pure-type comparisons)
3.11.1 —c0? 2022 Powersort Timsort with Powersort merge policy [MW18] v

[BM93]
[FM70]
[PO1]

[MW18]

Bentley & Mcllroy: Engineering a sort function, Softw. Prac. Exp. 1993

Frazer & McKellar: Samplesort: A Sampling Approach to Minimal Storage Tree Sorting, J. ACM 1970

Tim Peters et al.: [istsort.txt, CPython sources

Munro & Wild: Nearly-Optimal Mergesorts: Fast, Practical Sorting Methods That Optimally Adapt to Existing Runs, ESA 2018

Sebastian Wild
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Stable Sorting

unsorted input

Last Name
Simpson
Wiggum

Simpson

Simpson

Spuckler

Gumble

Simpson

Moleman

Flanders

Krabappel

Leonard

Jones

Frink

skinner

Prince

Tony

Simpson

Mann

Mcclure

Sryslak
Nahasapeemapetilon
Bouvier

Simpson

Wiggum

Brockman

Smithers

Beardly

Muntz
Skinner

quein
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Stable Sorting

unsorted input

sorted by First Name

Last Name I Last Name
Simpson Simpson
Wiggum Skinner
Simpson Nahasapeemapetilon
Simpson Gumble
Spuckler Simpson
Gumble 7l Carlson
Simpson B M Charles Montgomery  JBurns
Moleman | M Chief Wiggum
Flanders | Cletus Spuckler
Krabappel Krabappel
Leonard Tony
Jones Moleman
Frink Lovejoy
Skinner Simpson
Prince Jasper Beardly
Tony Jimbo Jones
Simpson ohn Frink
Mann Kent Brockman
Mcclure Leonard
szyslak Hutz
Nahasapeemapetilon P Lisa Simpson
Bouvier Maggie Simpson
Simpson Marge simpson
Wiggum Martin Prince
Brockman Milhouse Van Houten
Smithers Szyslak
Beardly Flanders
Muntz Muntz
Skinner Mann

quein Boyvie
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Stable Sorting

| A
First Name
Homer
Ralph
Maggie
Abraham
Cletus
Barney
Bart
Hans
Ned
Edna
Lenny
Jimbo
John

3 Agnes
Martin
arat
Marge
Otto
Troy
Moe
Apu

W ratty
Lisa
Chief
Kent
PYal Waylon
Jasper
Nelson
Principal
Helen

unsorted input

| B
Last Name
Simpson
Wiggum

Simpson

Simpson

Spuckler

Gumble

Simpson

Moleman
Flanders
Krabappel
Leonard

Jones

Frink

skinner

Prince

Tony

Simpson

Mann

Mcclure

Sryslak
Nahasapeemapetilon
Bouvier

Simpson

Wiggum
Brockman
Smithers

Beardly

Muntz

Skinner

quein
Sebastian Wild

A
B First Name A
Abraham l
Agnes z
Apu
Barney
Bart
jcarl
B Charles Montgomery
Chief
Cletus
Edna
Fat
Hans
Helen
Homer
Jasper
Jimba
=38 John
Kent
PV Lenny
Lionel
2 Lisa
Maggie
Marge
Sl Martin
713 Milhouse
74l Moe
Ned
i Nelson
jotto
Patly

sorted by First Name

| B
Last Name
Simpson
Skinner
Nahasapeemapetilon
Gumble

Simpson

Carlson

|Burns

Wiggum

Spuckler

Krabappel

Tony

Moleman

Lovejoy

Simpson

Beardly

Jones

Frink

Brockman

Leonard

Hutz

Simpson

Simpson

simpson

Prince

Van Houten

Szyslak

Flanders

Muntz

Mann

So sortiert man heute!

A
First Name
Jasper
Patty

L[ s =

[l John

sorted by Last Name

‘Last Name A

B

Beardly l
Bouvier z

Selma Bouvier
Kent Brockman
Charles Montgomery  Burns
carl Carlson
Ned Flanders
Frink
Barney Gumble
Lionel Hutz
Snake Jailbird
Jimbo Jones
Edna Krabappel
Lenny Leonard
Helen Lovejoy
Otto Mann
Troy Mcclure
Hans Moleman
Nelson Muntz
jApU Nahasapeemapetilon
actin Prince
Abraham Simpson
Bart Simpson
Homer simpson
Lisa Simpson
gl Maqgie Simpson
Marge Simpson
RS ST
Principal Skinner

31 [
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable

@ Mergesort is generally (quite) fast and stable, but not in place
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)

“Pick any two!” stable honest

Q-

fast, in place smart investment
few cmps banker
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Sorting Trade-offs

@ Quicksort is generally fast and in place, but not stable
@ Mergesort is generally (quite) fast and stable, but not in place

@ stable and in place is tricky (possible, but relatively slow)

“Pick any two!” stable honest

Q-

fast, in place smart investment
few cmps banker

@ Python has lots of objects and pointers anyways ... “in-place” property least painful to sacrifice

~ Mergesort!

Sebastian Wild So sortiert man heute! 2026-07-08



Timsort = Adaptive Mergesort++

Various modifications

@ detect existing runs
run = any (weakly) increasing or
(strictly) decreasing range

© merge policy decides when to merge which runs

© keeping runs on a fixed-size stack

@ galloping merges
use exponential searches
to find position in other run

@ minimum run lengths with binary insertion sort
choose 32 < minrun < 64, so that [ ——1 is 2¥ or slightly smaller
fill runs to minrun elements

Tim Peters et al.: listsort.txt, CPython sources
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https://github.com/python/cpython/blob/main/Objects/listsort.txt

Timsort merge policy (original)

full code:

: def timsort(lst): tiny.co/timsort

2 i =0; runs = []

3 while i < len(lst):

4 j = extend_run(lst, i)

5 runs.append((i,j-i)); i = j
6 while Rule A/B/C applicable
7 merge X,Y resp. Y,Z

8 while len(runs) > 1:

° merge Y,Z
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Timsort merge policy (original)

i def timsort(lst): iuillll;?gi:/timsort runs

2 i = 0; runs = [] CzZ J—uwp
3 while i < len(lst):

4 j = extend_run(lst, i)

5 runs.append((i,j-i)); i = j %

6 while Rule A/B/C applicable ]

7 merge X,Y resp. Y,Z :

8 while len(runs) > 1: S

° merge Y,Z

@ extend_run detects next run
& boosts to minrun if necessary
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Timsort merge policy (original)

i def timsort(lst): iuillll;?gi:/timsort runs Rule A:  Z > X ~ merge(X,Y)

. i=0; runs = [] [z )

3 while i < len(lst): :

4 j = extend_run(lst, i) .
runs.append((i,j-i)); i = j %

6 while Rule A/B/C applicable ] Rule B: Z > Y ~ merge(Y, Z)

7 merge X,Y resp. Y,Z : z

8 while len(runs) > 1: — oA V7o
° merge Y,Z : ' :

Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run

. . A Y+7Z -
& boosts to minrun if necessary ~A B 73
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Timsort merge policy (original)

i def timsort(lst): iuillll;?gi:/timsort runs Rule A:  Z > X ~ merge(X,Y)

. i=0; runs = [] [z )

3 while i < len(lst): :

4 j = extend_run(lst, i) .
runs.append((i,j-i)); i = j %

6 while Rule A/B/C applicable ] Rule B: Z > Y ~ merge(Y, Z)

7 merge X,Y resp. Y,Z : z

8 while len(runs) > 1: — oA V7o
° merge Y,Z : ' :

Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run

. . A Y+7Z -
& boosts to minrun if necessary ~A B 73

@ Goal: runs on stack grow like Fibonacci numbers
o Invariant: Vj : runs([j] > runs[j+ 1] 4 runs[j +2]

~ max stack height ~ log,, (1)
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Timsort merge policy (original)

i def timsort(lst): iuillll;?gi:/timsort runs Rule A:  Z > X ~ merge(X,Y)

. i=0; runs = [] [z )

3 while i < len(lst): :

4 j = extend_run(lst, i) .
runs.append((i,j-i)); i = j %

6 while Rule A/B/C applicable ] Rule B: Z > Y ~ merge(Y, Z)

7 merge X,Y resp. Y,Z : z

8 while len(runs) > 1: — oA V7o
° merge Y,Z : ' :

Rule C: Y+ Z > X ~~ merge(Y, Z)
@ extend_run detects next run

. A
& boosts to minrun if necessary ~A-B 2.0 ]
@ Goal: runs on stack grow like Fibonacci numbers : '
o Invariant: Vj : runs([j] > runs[j+ 1] 4 runs[j +2]
~ max stack height ~ log,, (1) (a) small runs stack,
(b) balanced on equal runs,
@ Why exactly these rules? (©) O(nlogn) worst case*

o Tim Peters: “first thing | tried that ‘worked well””
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Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci:

runs [j] > runs[j + 1] + runs[j + 2]

Invariant: Vj =0,...,len(runs) —3: |
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Invariant trouble

Recall this?
@ Goal: runs on stack grow like Fibonacci:

runs [j] > runs[j + 1] + runs[j + 2]

Invariant: Vj =0,...,len(runs) —3: |

* not true(!) for naughty pattern of run lengths
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Invariant trouble

Recall this?

@ Goal: runs on stack grow like Fibonacci: Kﬁy KeY project for formal verification in Java

Invariant: Vj =0,...,len(runs) —3:

runs(j] > runs(j + 1] + runs[j + 2] Proving that Android’s, Java's and Python's

sorting algorithm is broken (and showing
how to fix it)

* not tI’UE(!) for naughty pattern of run lengths OFebruary 24,2015  wEnvisage  Written by Stijn de Gouw. & $s

de Gouw, de Boer, Bubel, Hihnle, Rot, Steinhéfel: Verifying Open/DK’s
Sort Method for Generic Collections, | Autom Reasoning 2019
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Invariant trouble

Recall this?

@ Goal: runs on stack grow like Fibonacci: Kﬁy KeY project for formal verification in Java

Invariant: Vj =0,...,len(runs) —3:

runs(j] > runs(j + 1] + runs[j + 2] Proving that Android’s, Java's and Python's

sorting algorithm is broken (and showing
how to fix it)

* not tI’UE(!) for naughty pattern of run lengths OFebruary 24,2015  wEnvisage  Written by Stijn de Gouw. & $s

de Gouw, de Boer, Bubel, Hihnle, Rot, Steinhéfel: Verifying Open/DK’s

X Sort Method for Generic Collections, ) Autom Reasoning 2019
@ InJava: Arrays.sort(Object[]) #

could throw ArrayIndexOutOfBoundException
for specific input of size 67,108,864

e Timsort in Java since 2009, but issue never reported?

o first (incorrectly!) patched in 2013, then a second time in 2015 ...

@ for CPython: patched in 2015
e mostly a theoretical issue (needs > 2*° elements ~ 2PB ...)
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Timsort merge policy (patched)

1 def timsort(lst):

2 i =0; runs = []

3 while i < len(lst):

4 j = extend_run(lst, i)

5 runs.apppend((i,j)); i = j

6 while Rule A/B/C/D applicable
7 merge corresponding runs
8 while len(runs) > 1:

9 merge topmost 2 runs
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Timsort merge policy (patched)

Rule A: Z > X ~ merge(X,Y)

runs

1 def timsort(lst):

[z )—wr

2 i = 0; runs = [] i
s while i < len(lst):
4 j = extend_run(lst, i) % I :
s runs.apppend((i,j)); i = j C_ ) Rule B: Z > ~» merge(Y,Z)
6 while Rule A/B/C/D applicable : 7
7 merge corresponding runs (— oA vez ] )
8 while len(rums) > 1: : ' :
9 merge topmost 2 runs Rule C: Y +Z > X ~ merge(Y, 2)

@ Need to add a Rule D . . iz T )
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Timsort merge policy (patched)

Rule A: Z > X ~ merge(X,Y)

runs

1 def timsort(lst):

[z )—w
2 i =0; runs = [] H
3 while i < len(lst): )
4 j = extend_run(lst, i) % :
5 runs.apppend((i,j)); i = j ] Rule B: Z >Y ~ merge(Y,Z)
6 while Rule A/B/C/D applicable z 7
7 merge corresponding runs (— oA Gz ____J
8 while len(rums) > 1: : ' :
: merge topmost 2 runs
’ g¢ top Rule C: Y+ Z > X ~ merge(Y, Z)
@ Need to add a Rule D - iz )
A8 z |
Rule D: X+Y > W ~~ merge(Y, Z)
Y+Z
ac ; _—
X Vi
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Timsort merge policy (patched)

Rule A: Z > X ~ merge(X,Y)

runs

1 def timsort(lst):

—
2 i = 0; runs = [] i T
3 while i < len(lst):
4 j = extend_run(lst, i) % :
5 runs.apppend((i,j)); i = j ] Rule B: Z >Y ~ merge(Y,Z)
6 while Rule A/B/C/D applicable z 7
7 merge corresponding runs (— oA Gz ____J
8 while len(runs) > 1: : ' :
9 merge topmost 2 runs
Rule C: Y+ Z > X ~~ merge(Y, Z)
@ Need to add a Rule D - iz )
A8 =
. .
Invariant: Vj = 0,...,len(runs) —3: \/ : :
runs[j] > runs[j+ 1] + runs[j + 2]
Rule D: X+Y > W ~~ merge(Y, Z)
Y+Z
- A —-B—C H 7
X Vi
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Timsort merge policy (patched)

Rule A: Z > X ~ merge(X,Y)

runs

1 def timsort(lst):

—top
2 i = 0; runs = [] i T
3 while i < len(lst):
4 j = extend_run(lst, i) % :
5 runs.apppend((i,j)); i = j ] Rule B: Z >Y ~ merge(Y,Z)
6 while Rule A/B/C/D applicable z 7
7 merge corresponding runs (— oA Gz ____J
8 while len(rums) > 1: : ' :
: merge topmost 2 runs
’ g¢ top Rule C: Y+ Z > X ~ merge(Y, Z)
@ Need to add a Rule D - iz )
A= z 4
N x| ES—
Invariant: Vj = 0,...,len(runs) —3: \/ : :
runs[j] > runs[j+ 1] + runs[j + 2]
Rule D: X+Y > W ~~ merge(Y, Z)
@ running time indeed O(nlogn) Y=z )
...very complicated to prove TATERC R v}

Auger, Jugé, Nicaud, Pivoteau: On the Worst-Case
Complexity of TimSort, ESA 2018
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Timsort bad case

@ Timsort’s merge policy mostly works OK
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.but does stupid things on certain inputs:

(@)

)

(@)

[

)

)

(@)

)
(@)

)[(

Q)

(

)

)/

Q)

Q)
(@)
=<

D[

(@)

)

==

(

=

[

2026-07-08

3
<
i
2
=
g
£
]
$
=]
2

Sebastian Wild
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Timsort bad case

@ Timsort’s merge policy mostly works OK
@ ...but does stupid things on certain inputs:

( @ )
| ( @) )
( @ ) @ )
> Y >
( @ ) | ( )
( @ X @ )| € @ ) )

@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
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Timsort bad case

@ Timsort’s merge policy mostly works OK
@ ...but does stupid things on certain inputs:

( @ )
L = 1
( @ ) @ )
L = ) | = ) |
( @) 1C @) ) | ( @) )

e e e L

I I 2 ) I ) O o 3 ES

@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
@ can do much better (merge cost 321 vs. 371)
@ As n increases, 50% higher merge cost than standard mergesort
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Timsort bad case

@ Timsort’s merge policy mostly works OK
@ ...but does stupid things on certain inputs:

— | —

(I )

— el — )
— Let’s fix this merge policy problem once and for all, shall we? [—

B SEEE = aEE s R I )EE v s sk s e ay sEE SRR wE Bk 2z s 2 eE s ne i e ui AEEE 30
@ intuitive problem: regularly very unbalanced merges Buss, Knop: Strategies for Stable Merge Sorting, SODA 2019
@ can do much better (merge cost 321 vs. 371)
@ As n increases, 50% higher merge cost than standard mergesort
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Context

Java’s Sorting Methods
Dual-Pivot Quicksort

Timsort

Ul GO N =

Powersort }

2026-07-08



523
524
535
526
527
528
525
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549

2 * s1 + n1 b
# 2

8=
b = & * e F e 9
result = ©
while True:
result += 1
if a >= n:
assert b >= a E R

a -=n
b -=n
elif b >= n:
break
assert a < b < n
a <<= 1 -
b <<= 1
return result —
def Found_new_run(self, run): | ]
p = self.pending
if p:
s1 = p[-1]-base
nl = p[-1]-1en )
= powerloop(sl, nl, run.len, self.llstlength)
[-2]-power > power:
ower

power
while len(p) > 1 and p

. Powersort

def merge_
i i d
So sortiert man heute!

p =
Lan(D)

Sebastian Wild
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.

determined by
merge policy
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.
determined by
merge policy

e for stable sort
~» merge 2 adjacent runs
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort ~» Merge order = merge tree:
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.

determined by

N 15017 1219 2 9 13 7 11 1 4 8 10 14 23 5 21 3 6 16 18 20 22
merge policy

e for stable sort
~» merge 2 adjacent runs
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort ~» Merge order = merge tree:
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.

determined by
merge policy

(15 7)1z 19)[2 9 13)[7 m][n_ 4 & 10 14 23)[5 21][3 6 16 18 20 22

e for stable sort
~» merge 2 adjacent runs
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort ~» Merge order = merge tree:
interleaved in code

Conceptually two steps:
© Find runs in input.
O Merge them in some ordsr.

determined by
merge policy

(5 7)1z 19)[2 9 13)[7 m][n_ 4 & 10 14 23)[5 21][3 6 16 18 20 22

e for stable sort
~» merge 2 adjacent runs
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs /

Run-adaptive mergesort ~» Merge order = merge tree:
interleaved in code

Conceptually two steps:

© Find runs in input.

2 9 12 13 19

(15 7)1z 19)[2 9 13)[7 m][n_ 4 & 10 14 23)[5 21][3 6 16 18 20 22

@ Merge them in some order.

determined by
merge policy

e for stable sort
~» merge 2 adjacent runs
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs

Run-adaptive mergesort

interleaved in code

Conceptually two steps:
© Find runs in input.
@ Merge them in some order.

determined by
merge policy

@ for stable sort

~» merge 2 adjacent runs

Sebastian Wild

/

~» Merge order = merge tree:

(27 9 11 12 13 15 17 19)

2 9 12 13 15 17 19

2 9 12 13 19

[15 7)1z 19)[2 9 13)(7 n)[1 2 & 10 14 23][5 21]3

6 16 18 20 22

So sortiert man heute!
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
© Find runs in input.

@ Merge them in some order.
determined by
merge policy

e for stable sort
~» merge 2 adjacent runs

~» Merge order = merge tree:

(27 9 11 12 13 15 17 19)

2 9 12 13 15 17 19

(1 4 5 8 10 14 21 23)

(15 7)1z 19)[2 9 13)[7 m][n_ 4 & 10 14 23)[5 21][3 6 16 18 20 22

Sebastian Wild
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
© Find runs in input.

@ Merge them in some order.
determined by
merge policy

e for stable sort
~» merge 2 adjacent runs

Sebastian Wild

~» Merge order = merge tree:

(27 9 11 12 13 15 17 19)

(2 9 12 13 15 17 19) (1 3 4 5 6 8 10 14 16 18 20 21 22 23)

(2 9 12 13 19 (1 4 5 8 10 14 21 23

(15 172 19)[2 9 13)[7 m][n_4 & 10 14 23)[5 21][3 6 16 18 20 22
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.

determined by
merge policy

e for stable sort
~» merge 2 adjacent runs

Sebastian Wild

~» Merge order = merge tree:

/

[1234567891011121314151617181920212223]

X

c
(27 9 11 12 13 15 17 19)

(2 9 12 13 15 17 19)

45681014161820212223]

(29 12 13 19

5 8 10 14 21 23)

(15 7)1z 19)[2 9 m3)(7 n][1 2

8 10 14 23)[5 21][3

6 16 18 20 22

So sortiert man heute!
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:
© Find runs in input.

@ Merge them in some order.

determined by
merge policy

e for stable sort
~» merge 2 adjacent runs

Sebastian Wild

~» Merge order = merge tree:

[1234567891011121314151617181920212223]
X

c
(27 9 11 12 13 15 17 19) |

(2 9 12 13 15 17 19) (1 3 4 5 6 8 10 14 16 18 20 21 22 23)

(2 9 12 13 19 (1 4 5 8 10 14 21 23

(15 7)1z 19)[2 9 13)[7 m][1 4 & 10 14 23)[5 21][3 6 16 18 20 22|

~+ Merge policy = algorithm to choose merge tree
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort
interleaved in code

Conceptually two steps:

© Find runs in input.

@ Merge them in some order.
determined by
merge policy

e for stable sort
~» merge 2 adjacent runs

~» Merge order = merge tree:
( )

( - ) |
( ) ]

( ) | )
CoC I I

~+ Merge policy = algorithm to choose merge tree

@ Merge cost of one merge := size of output

e =~ memory transfers
e > # comparisons

e total cost = totalareaof ()

Sebastian Wild
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Merge policies from first principles

Goal: Simple stable sorting method that optimally exploits sorted runs / /

Run-adaptive mergesort ~» Merge order = merge tree:
interleaved in code [ ]

Conceptually two steps:

© Find runs in input.

. X
[ ) |
( ) (
@O Merge them in some ordsr. ( ) ( )
determined by | I I I I I Il

merge policy

e for stable sort ~+  Merge policy = algorithm to choose merge tree

~ merge 2 adjacent runs @ Merge cost of one merge := size of output

e =~ memory transfers
e > # comparisons

Find good tree with little overhead? ] e total cost = total areaof ()

Sebastian Wild So sortiert man heute! 2026-07-08



Mergesort meets Binary Search Trees

[ )
( - ) |

( ) ( )

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22
Merge cost = total areaof ()
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https://dx.doi.org/10.1137/0206017

Mergesort meets Binary Search Trees

Q

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22

Merge cost = total areaof ()

= total length of paths to all array entries

2026-07-08
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

Sebastian Wild So sortiert man heute! 2026-07-08


https://dx.doi.org/10.1137/0206017

Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

i Q How to compute good merge trees?
2 2 3 2 6 2 6

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

How to compute good merge trees?
P .70s are calling
, A nearly-optlmal BST merge
o simple (greedy) linear-time methods!

Merge cost = total area of (:

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

How to compute good merge trees?
, - 70s are calling
, )" nearly-optimal BST merge
o simple (greedy) linear-time methods!
o almost optimal (< H + 2)

Merge cost = total area of (:

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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https://dx.doi.org/10.1137/0206017

Mergesort meets Binary Search Trees

How to compute good merge trees?
, - 70s are calling
, )" nearly-optimal BST merge
o simple (greedy) linear-time methods!
o almost optimal (< H + 2)

Merge cost = total area of (:

= total length of paths to all array entries ~+ Powersort based on the bisection method
= weighted external path length

Zweight(w) - depth(w)

w leaf

Mehlhorn: A best possible bound for the weighted path
length of binary search trees, SIAM ] Comp 1977

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

Q How to compute good merge trees?
LS /...705 are calling
',O: nearly-optimal BST merge
o simple (greedy) linear-time methods!
2 2 3 2 6 2 6

o almost optimal (< H + 2)
Merge cost = total areaof ()
= total length of paths to all array entries

~+ Powersort based on the bisection method
= Welghted external path length Mehlhorn: A best possible bound for the weighted path
Zweight(w) . depth(w) length of binary search trees, SIAM ] Comp 1977
w leaf

optimal merge tree run lengths
= optimal BST for leaf weights Ll, L.

o Intuition:
“Round” to perfect binary tree

@ Find run boundary closest to middle
@ Recurse on both sides

~ merge cost > Hn with H = Z logz<;>
1

Sebastian Wild So sortiert man heute!
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Mergesort meets Binary Search Trees

Q How to compute good merge trees?
LS /...705 are calling
',O: nearly-optimal BST merge
o simple (greedy) linear-time methods!
2 2 3 2 6 2 6

o almost optimal (< H + 2)
Merge cost = total areaof ()

= total length of paths to all array entries

~s Powersort based on the bisection method
= weighted external path length

Mehlhorn: A best possible bound for the weighted path

> weight(w) - depth(w) length of binary search trees, SIAM ] Comp 1977
w leaf
o Intuition:
optimal merge tree run lengths

“Round” to perfect binary tree

@ Find run boundary closest to middle
@ Recurse on both sides

= optimal BST for leaf weights Ll, , Ly

~ merge cost > Hn with H = Z logz<;>
1

@ But: Can’t use recursion!
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Run-Boundary Powers

4 45 46 47 48 49 50”41 2 43][!3 34 35 3% 37 55”17 1819 20 21 22 23 24 25 26 27 28 29 30 31 11”11 12 13 14 15 15][7 8 9”1 2 3 4 5 6
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Run-Boundary Powers

44 45 46 47 48 49 50”41 4 43][13 34 35 36 37 18”17 18 19 20 20 2 23 24 25 2 27 28 29 30 31 JZHH 12 13 14 15 15][7 8 9”1 2 3 4 5 6

1

@ (virtual) perfect balanced binary tree
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@ (virtual) perfect balanced binary tree
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Run-Boundary Powers

4 45 46 L o8 W 5«3”41 ) 43][13 3435136 37 18”17 1819 20 21 22 23 24125 26 27 28 29 30 31 Jz”n 12 13,14 15 m] [ 7 4 9 H 1 2 3
i e 1t 72 72 1 1
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\ \ Vo \ \ \ \ \ \
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V V [ V v V V V V
V V [ V V V V V V
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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Run-Boundary Powers
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power
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Run-Boundary Powers
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree
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Run-Boundary Powers

1

3

2 4
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree

Sebastian Wild
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Run-Boundary Powers

3 4 5 2 1 3 2 4 3
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@ (virtual) perfect balanced binary tree

@ midpoint intervals “snap” to closest virtual tree node
~ assigns each run boundary a depth = its power

~ merge tree follows virtual tree
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Run-Boundary Powers are Local

Computation of powers only depends on two adjacent runs.
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Powersort

. def powersort(lst)

2 i =0; n= len(lst)
3 runs = [];
a j = extend_run(lst, i)
5 runs.append((i,j-1,0)); i = j
6 while i < n:
7 j = extend_run(lst, i)
e p = power(runs[-1], (i,j-i), n)
9 while p <= runs[-1][2]
10 merge_topmost_2(lst, runs)
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

https://power-sort.github.io

essvupasimonlseresnmnsusenpiy
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power-sort.github.io

Powersort

runl
. def powersort(lst) 0

2 i =0; n= len(lst) Ca Jejel d IE]
~ o nme T

a j = extend_run(lst, i) run stack i ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io

snvupasimonlsereonmnsusenpiy
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power-sort.github.io

Powersort

runl  run2
. def powersort(lst) 0

2 i =0; n= len(lst) La Jle]ec " d IE]
et 0

a j = extend_run(lst, i) run stack i ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl  run2
+ def powersort(lst) 0 3

2 i =0; n= len(lst) La Jle]ec " d IE]
et 0

a j = extend_run(lst, i) run stack i ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl  run2

. def powersort(lst)

2 i =0; n= len(lst)
3 runs = [];
a j = extend_run(lst, i)
5 runs.append((i,j-1,0)); i = j
6 while i < n:
7 j = extend_run(lst, i)
e p = power(runs[-1], (i,j-i), n)
9 while p <= runs[-1][2]
10 merge_topmost_2(lst, runs)
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl run2

s )2

. def powersort(lst)

| d [E[EN

2 i =0; n= len(lst) a e |
3 runs = [];
4 j = extend_run(lst, i) run stack i i | i Lo
5 runs.append((i,j-1,0)); i = j ! i i ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ‘ o
s p = power(runs[-1], (i,j-1), n) | |
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl run2

i def powersort(lst) e—2 ) ° 3 l 2 l
2 i =0; n= len(lst) 5-3 L= el d IE]
3 runs = [J; a-0
a j = extend_run(lst, i) “run stack l i ! i Lo
5 runs.append((i,j-1,0)); i = j i i i ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ! Lo
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl run2

i def powersort(lst) -2 ) ° 3 l 2 l
2 i = 0; n = len(lst) v_3 L= el d |3 E3
3 runs = []; 2-0
4 j = extend_run(lst, i) “run stack i i ! i .
5 runs.append((i,j-1,0)); i = j i i i ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! Lo
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] !
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runl run2

i def powersort(lst) o2 ] ° 3y 2
2 i = 0; n = len(lst) v_3 % L= el d IE]
3 runs = []; a—0 merge
4 j = extend_run(lst, i) “run stack | ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

. def powersort(lst)

2 i =0; n= len(lst)
3 runs = [];
a j = extend_run(lst, i)
5 runs.append((i,j-1,0)); i = j
6 while i < n:
7 j = extend_run(lst, i)
e p = power(runs[-1], (i,j-i), n)
9 while p <= runs[-1][2]
10 merge_topmost_2(lst, runs)
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

. def powersort(lst)

i =0; n= len(lst)
runs = [];
j = extend_run(lst, i)
runs.append((i,j-1,0)); i = j
while i < n:
j = extend_run(lst, i)
p = power(runs[-1], (i,j-i), n)
while p <= runs[-1][2]
merge_topmost_2(lst, runs)
runs.append((i,j-i,p)); i = j
while len(runs) >= 2:
merge_topmost_2(1lst, runs)

full code:
https://power-sort.github.io
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power-sort.github.io

Powersort

runt run2

i def powersort(lst) a1 1 ° 2 7
2 i =0; n= len(lst) c_2 I ab Le |l d llel
3 runs = [J; ab—0
4 j = extend_run(lst, i) “run stack | ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runi run2

i def powersort(lst) a1 1 ° 2 7
2 i =0; n= len(lst) c_2 b I ab Le |l d llel
3 runs = [J; ab—0
4 j = extend_run(lst, i) “run stack | ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runt run2

i def powersort(lst) a1 1 ° 2 7
2 i =0; n= len(lst) c_2 b I ab Le |l d llel
3 runs = []; ab—0 merge
4 j = extend_run(lst, i) “run stack | ; | ; Lo
5 runs.append((i,j-1,0)); i = j i i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

run2
i def powersort(lst) 0 1

2 i =0; n= len(lst) m I abc I d llel
3 runs = [J;

4 j = extend_run(lst, i) run stack i i | i Lo
5 runs.append((i,j-1,0)); i = j ! i i | i i
6 while i < n: | ! o
7 j = extend_run(lst, i) 3 ‘ o
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] 1
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runt run2
+ def powersort(lst) 0 1 2

2 i =0; n= len(lst) m I abc I d Jlell fl
3 runs = [J;

4 j = extend_run(lst, i) run stack i i | i Lo
5 runs.append((i,j-1,0)); i = j ! i i | i i
6 while i < n: | ! o
7 j = extend_run(lst, i) 3 ‘ o
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] 1
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

runi run2
i def powersort(lst) Te_2 ] ° 1 2
2 i = 0; n = len(lst) a_1 I abc | d Jlel £ )
3 runs = [J; abc — 0
4 j = extend_run(lst, i) “run stack i i | i Lo
5 runs.append((i,j-1,0)); i = j ! i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

( (@) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

run2

runl
i def powersort(lst) Te_2 ] ° 7 24 l
2 i =0; n= len(lst) a_1 I abc I d fell £
3 runs = []; abc — 0
4 j = extend_run(lst, i) “run stack i i ! i Lo
5 runs.append((i,j-1,0)); i = j ! i i ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ‘ o
s p = power(runs[-1], (i,j-1), n) | |
9 while p <= runs[-1][2] 1
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

run2

ﬁ runTl
. def powersort(lst) p— 0 7 244
2 i =0; n= len(lst) a_1 I abc I d fell £
3 runs = []; abc — 0
4 j = extend_run(lst, i) “run stack i i ! i Lo
5 runs.append((i,j-1,0)); i = j ! i i ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ‘ o
s p = power(runs[-1], (i,j-1), n) | |
9 while p <= runs[-1][2] 1
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)

( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

i def powersort(lst) Z:: 0 7 2 4
2 i =0; n= len(lst) a_1 I abc I d IE]
3 runs = [J; abc — 0
4 j = extend_run(lst, i) “run stack i i | i Lo
5 runs.append((i,j-1,0)); i = j ! i i | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) ! i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( (@) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

i def powersort(lst) Z:: 0 7 2 4
2 i =0; n= len(lst) a_1 I abc I d IE]
3 runs = []; _
4 j = extend_run(lst, i) % merg‘e—down‘p hasel ; Lo
5 runs.append((i,j-1,0)); i = j i i i / | i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! s
8 p = power(runs[-1], (i,j-1i), n) '3 i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

i def powersort(lst) Z:: 0 7 2 4
2 i =0; n= len(lst) a_1 I abc I d IE]

_ . —
3 1_'u1_1$ = [1; ) (abe =0 ) * erge-down phase merse
. j = extend_run(lst, i) run stack | ‘ | i Lo
5 runs.append((i,j-1,0)); i = j i i i / ! i i
6 while i < n: | ! o
7 j = extend_run(lst, i) 3 ‘ o
e p = power(runs[-1], (i,j-i), n) L3 |
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)

( ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

i def powersort(lst) ez_211° 7 2
2 i =0; n= len(lst) a_1 I abc I d et ]
3 runs = []; _
a j = extend_run(lst, i) % merg‘e—down‘p hasel i Lo
5 runs.append((i,j-1,0)); i = j i i i ; ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ! Lo
8 p = power(runs[-1], (i,j-1i), n) ] i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( ) )
;lﬂl:;:(:j?}power—sort .github.io (.)
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power-sort.github.io

Powersort

i def powersort(lst) ez_211° 7 2
2 i =0; n= len(lst) a_1 I abc I d et ]
3 runs = []; _ merge
a j = extend_run(lst, i) % merg‘e—down‘p hasel i ® Lo
5 runs.append((i,j-1,0)); i = j i i i ; ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) 3 ! Lo
8 p = power(runs[-1], (i,j-1i), n) ] i
9 while p <= runs[-1][2] |
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(runs) >= 2:
13 merge_topmost_2(lst, runs)
( ) )
;lﬂl:;:(:j?}power—sort .github.io (.)
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power-sort.github.io

Powersort

i def powersort(lst) 0 7
2 i =0; n= len(lst) I abc " def
’ 1_'u1_1$ ~ . merge-down phase
4 j = extend_run(lst, i) run stack | | i ! Lo
5 runs.append((i,j-1,0)); i = j i i i / ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! Lo
8 p = power(runs[-1], (i,j-1i), n) '3 i
9 while p <= runs[-1][2] !
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)
( ) ) ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

i def powersort(lst) 0 7
2 i = 0; n = len(lst) [m I abc | def
3 1_'u1_1$ = [1; ] B merge-down phase, merge
4 j = extend_run(lst, i) run stack | | i ! Lo
5 runs.append((i,j-1,0)); i = j i i i / ! i i
6 while i < n: | ! Lo
7 j = extend_run(lst, i) i ! Lo
8 p = power(runs[-1], (i,j-1i), n) '3 i
9 while p <= runs[-1][2] !
10 merge_topmost_2(lst, runs) |
1 runs.append((i,j-i,p)); i = j
12 while len(rums) >= 2:
13 merge_topmost_2(lst, runs)
( ) ) ) )
full code:

https://power-sort.github.io
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power-sort.github.io

Powersort

. def powersort(lst) 0

2 i =0; n= len(lst) I abcdef

3 runs = [1;

. j = extend_run(lst, i) run stack

5 runs.append((i,j-1,0)); i = j

6 while i < n:

7 j = extend_run(lst, i)

e p = power(runs[-1], (i,j-i), n)

9 while p <= runs[-1][2]

10 merge_topmost_2(lst, runs)

1 runs.append((i,j-i,p)); i = j

12 while len(runs) >= 2:

13 merge_topmost_2(lst, runs) (
full code:

https://power-sort.github.io
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power-sort.github.io

Computing powers

e Computing the power of b ——— bt~
(run boundary between) two runs [ ! é[ b: J
a; by
e (1 = normalized midpoint interval —3
e power = min {s.t. & i&» i
contains ¢ - 27" ' L Ly : |
0 «~— 2P —— |
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Computing powers

@ Computing the power of
(run boundary between) two runs

e (1 = normalized midpoint interval

1

|
opower=min€s.t.H‘ 1P <p
contains ¢ - 27* ' L ; ; )

1 def power(runl, run2, n):

2 il, nl = runi

3 i2, n2 = run2

4 A=2%1il +nl # 4 =2nq
5 B=A+nl+n2 #B=2nb;
6 p=20

7 while True:

8 p +=1

9 if A >= n:

10 A -=n; B-=n

11 elif B >= n:

12 break

13 A <<=1; B<k=1

14 return p

@ with bitwise trickery O(1) time possible
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Computing powers

@ Computing the power of
(run boundary between) two runs

e (1 = normalized midpoint interval

1
|
e power = min {s.t. &4 EL,

contains ¢ - 27¢ ' ; ' ' .

0 «~— 2P ——
1 def power(runl, run2, n):
2 il, nl = runi
3 i2, n2 = run2
4 A=2%il +nl # A4 =2naq;
’ i - g +aol+n2 #B=2nb; Obvious analysis
s =
7 while True: 0] § Pi < “gn}
8 p +=1
¢ if A >= @ powers on stack strictly increasing
10 A -=n; B-=n
11 elif B >= n: H

~ Stack height < [Ign] +1

12 break g = [g —I +
13 A <<=1; B<k=1
12 return p

@ with bitwise trickery O(1) time possible
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Some performance data

Summary claims:

© Typical improvement from Powersort:
0-5% fewer comparisons; occasionally 20-60%.

(One can contrive inputs where Powersort does worse; seems inevitable)

@ No running time regressions: never measurably slower in actual running time

© Sometimes substantially faster (20-40%)

Sebastian Wild So sortiert man heute! 2026-07-08 33/35



Abstract cost measures

Scatter plot of relative costs

#icomparisons 1.05 +

Timsort
Powersort

" r[SQ,rt better

1
Timsort better

/ 1.05 1.1 1.15 1.2
merge cost

@ Worse on 2-3%, but if so, only slightly.
@ On average, 3% fewer cmps and 5% less merge cost.

Sebastian Wild

Input: Runs of expected length /1, n = 10°
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Abstract cost measures

Scatter plot of relative costs

#icomparisons 1.05 +

Timsort
Powersort

/

/
1
Timsort better

@ Worse on 2-3%, but if so, only slightly.
@ On average, 3% fewer cmps and 5% less merge cost.

1.05 1.1 1.15 1.2

merge cost

Input: Tim’s mixture of long and short runs

Sebastian Wild
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Conclusion

523
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run):

def Found_new_run(self,

PR= self.pending
if p:
Sl p[-1]-base
nl =

power
while len(p) > 1 and p

powerloop(sl,

self.merge_at(-z)
DI 2Eor p[-2]-pow

assert len(p

p[—l].power = power;

def merge_Force#collapse(self):
self.pending

p =
Lan(D)
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p[-1]-1en
nl,
[—2].power > power:

a =
b = a + Nt + "e
result = ©
while True:
result += 1
if a >= n:
assert b >= a
|
|
|

self.listlength)
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POWER
sort=1

run) :

def Found_new_run(self,

539
540
541 p = self.pending
542 if p:
543 s1 = p[-1]-base
544 ni = p[-1]-1en
545 power = powerloop(sl, nl, run.len, self.listlength)
546 while len(p) > 1 and p[-2]-power > power:
self.merge_at(~2)
assert 1en(p) < 2 or p[AZ].power < power
= power;

547
p[—l].power =
35/35

18
ce_collapSE(Self)5
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Summary 7
@ Timsort is stable sorting method of choice
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run) :

def Found_new_run(self,

539
540
541 p = self.pending
542 ii7 (95
543 s1 = p[-1]-base
544 ni = p[-1]-1en
545 power = powerloop(sl, nl, run.len, self.listlength)
546 while len(p) > 1 and p[-2]-power > power:
547 self.merge_at(~2)
18 assert len(p) < 2 or p[AZ].power < power
p[—l].power = power;
ollapse(self}:
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Conclusion

Summary
@ Timsort is stable sorting method of choice

@ its original merge policy wasn’t ideal
e complicated correctness proof / analysis

e blind spots in performance
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POWER
sort=1
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def Found_new_r‘un(self,

p = self.pending

540
541
542 deEEpis
i il & [PI=dieEE5S
543
= -1]-1len istlength)
G "~ ot pjwerloop(sl, ni, run.len, self.listleng
ower = ower:
22 phile @) > 0 el FI-SIeEEEE = 1
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assert len(p)
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Conclusion

Summary
@ Timsort is stable sorting method of choice

@ its original merge policy wasn’t ideal
e complicated correctness proof / analysis

e blind spots in performance

@ Powersort fixes this!

def Found_new_r‘un(self,

540 .
=] p = self.pending
== if p:
= s1 = p[-1]-base
543
= =qijslen: istlength)
544 nt el pjwerloor’(sl, ni, run.len, Sl =S g
ower = ower:
22 phile @) > 0 el FI-SIeEEEE = 1
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e self.merge_at(-2) ower < power
547 ccert len(p) < 2 O p[-2]1-P
48 a - power;
548 p[-1].power = P
ollapse(self):

def merge_force_c¢
self.pending
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Conclusion

Summary
@ Timsort is stable sorting method of choice
@ its original merge policy wasn’t ideal
e complicated correctness proof / analysis

e blind spots in performance

@ Powersort fixes this!
© Powersort in other libraries using Timsort?

e numpy & pandas \/
Open)DK

o Android Java runtime

e V8 JavaScript engine

"]

= And they lived merrily ever after. >

def Found_new_run(self, run) :

p = self.pending

deEEpis .
= p[-1]-base
:1 L ey GNU STL std: :stable_sort
& power = power‘loop(sl, nl, run.l
e while len(p) > 1 and p[-2]1-powe

o at(-2)
self.merge_
s assert len(p) < 2 or p[-2]-powe
p[—l].power = power;
collapse(self;:

def merge_force_c
F.pending
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Conclusion

Summary
@ Timsort is stable sorting method of choice

@ its original merge policy wasn’t ideal
e complicated correctness proof / analysis

e blind spots in performance

@ Powersort fixes this!
© Powersort in other libraries using Timsort?

==, And they lived merrily ever after. <> 0T, W 8 \/

539 def found_new_run(self, run): e OpenJDK
540 e error o Android Java runtime
5/ P = - 9 °
.,';f if p: | base e V8 JavaScript engine
i <1 = p[-1]-bas -
1 o (=] o1 o GNU STL std: :stable_sort

= powerloop(51: nil,

i - power = -2].powe . . .
i it o) 2 Sl G @ Where else can adaptive-algorithms ideas
spark practical improvements?

=2)
self.merge_at(

assert len(p) < 2 or p[-2]-powe
p[—l].power = power;

Hef merge. Forcekcollapse(self):
- . F.pending

35/35
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while True:
result += 1
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assert b >= a
i
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-
: ——
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run

self.listlength)

nl, run.len,
[-2]-power > power:

power

while len(p) > 1 and p
self.merge_at(-z)

i< 2Eonk p[-2]-power < power

powerloop(sl,

assert len(p
p[—1].power = power;
force_collapse(self):
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Powersort: An Algorithm Science Success Story

(Observation: data often partially sorted)

Timsort in CPython 2001
ad-hoc rules for merge policy
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Powersort: An Algorithm Science Success Story

1990s: Theoretical literature on adaptive sorting

(Observation: data often partially sorted) X Tl Tmpact on practice

de Gouw et al (2014): formal verification finds algorithmic bug

Mergecost Buss & Knop 2018:
simple abstract cost measure uses | performance bug in Timsort’s merge policy
[ |

Munro & Wild 2018: ]

Timsort in CPython 2001 «—

ad-hog rules for merge policy

201y revised to fix stack overflow(!) abStractS

merge policy = optimal alphabetic tree
. J—
adapt known tree algorithms

for use as merge polic
e Powersort

evaluated in
v ¥ v
(running time studiesHalgorithm science experimentsj(—)(adaptive analysis)

¥
Powersort in Python 3.11 (2022) |
both CPython and PyPy |

Sebastian Wild So sortiert man heute! 2026-07-08 37/35
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Mergesort meets Binary Search Trees

[ )
( - ) |

( ) ( )

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22
Merge cost = total areaof ()
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Mergesort meets Binary Search Trees

Q

(15 172 19)[2 9 13)(7 mJ[1 4 & 10 14 23|[5 21][3 6 16 18 20 22

Merge cost = total areaof ()

= total length of paths to all array entries
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Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries
= weighted external path length

Zweight(w) - depth(w)

w leaf

How to compute good merge tree?

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs
2 2 3 2 6 2 6
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
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e must sort lengths « Burge 1958
e Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:xrt‘:yi% Navarro 2009
e Chandramouli & Goldstein 2014
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
e Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:xrt‘:yi% Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge

Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries

= weighted external path length

Zweight(w) - depth(w)

w leaf

e have to store lengths
% complicated algorithm

optimal merge tree run lengths
= optimal BST for leaf weights L1, L.

~ merge cost > Hn with H = Z logz<;>
1
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Mergesort meets Binary Search Trees

Merge cost = total areaof ()

= total length of paths to all array entries

= weighted external path length

Zweight(w) - depth(w

w leaf

)

optimal merge tree run lengths

= optimal BST for leaf weights L1, , Ly

~» merge cost > Hn with H = Z Iog2<

Sebastian Wild
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How to compute good merge tree?
@ Huffman merge

e merge shortest runs<—

indep. discovered 5x

e must sort lengths « Burge 1958
e Golin & Sedgewick 1993
, not stable o Takaoka 1998

® Barbay & Navarro 2009
e Chandramouli & Goldstein 2014

@ Hu-Tucker merge
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=

e optimal alphabetic tree
e have to store lengths
% complicated algorithm

...70s are calling

nearly-optimal BST merge

o simple (greedy) linear-time methods!
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e merge shortest runs<—
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
e Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:xrt‘:yi% Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge

Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries

= weighted external path length
Zweight(w) - depth(w)

w leaf \O'
optimal merge e — ]engths AN nearly-optimal BST merge

= optimal BST for leaf weights L1, , Ly

e have to store lengths
% complicated algorithm

...70s are calling

o simple (greedy) linear-time methods!
o almost optimal (< H + 2)

n @ have to store lengths

Ll)

merge cost > Hn with H = lo
h 8 Z 52 i@ extra scan to detect runs
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Mergesort meets Binary Search Trees

How to compute good merge tree?

@ Huffman merge
e merge shortest runs<—
indep. discovered 5x
e must sort lengths « Burge 1958
e Golin & Sedgewick 1993
o Takaoka 1998
, not stable . B‘:xrt‘:yi% Navarro 2009
e Chandramouli & Goldstein 2014
2 2 3 2 6 2 6

@ Hu-Tucker merge

Merge cost = totalareaof () _ e optimal alphabetic tree
= total length of paths to all array entries
. e have to store lengths
= weighted external path length ) i
% complicated algorithm
Zweight(w) - depth(w) NP ...70s are calling
w leaf .
',Q\' nearly-optimal BST merge

optimal merge tree run lengths

— optimal BST for leaf weights Lh L, o simple (greedy) linear-time methods!

o almost optimal (< H + 2)

n i@ have to store lengths
avoidable!

merge cost > Hn with H = lo
- 8 Z 82 L1 i@ extra scan to detect runs
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of
binary search trees, SIAM ] Comp 1977

@ Intuition:
“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]
e Find run boundaries closest to middle

e Recurse on both sides
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e Pretend array is interval [0, 1] : : : 7/5 |
e Find run boundaries closest to middle : DD
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of
binary search trees, SIAM ] Comp 1977

@ Intuition:
“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

no node created

e Find run boundaries closest to middle split out of range! Z’DD
e Recurse on both sides ! 5 5
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Mehlhorn: A best possible bound for the weighted path length of
binary search trees, SIAM ] Comp 1977

@ Intuition:
“Round” to a perfectly balanced binary tree
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no node created

o Find run boundaries closest to middle spitoutofranger 2. O
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The Bisection Method

@ Powersort is based on the bisection method

Mehlhorn: A best possible bound for the weighted path length of ]U D
binary search trees, SIAM | Comp 1977
3/4 .
1
@ Intuition: o

“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

e Find run boundaries closest to middle

split out of rang
no node create;

e Recurse on both sides
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@ Powersort is based on the bisection method
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@ Intuition: o

“Round” to a perfectly balanced binary tree

e Pretend array is interval [0, 1]

e Find run boundaries closest to middle

split out of rang
no node create;

e Recurse on both sides

@ Up next: Don't use recursion!
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