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11.1 (Integer) Linear Optimization Recap



LPs in Standard Form

Definition 11.1 (LP)
A linear program (LP) in standard form with n variables and m constraints is characterized by a
matrix A € Z"*"  a vector b € Z™, and a vector ¢ € Z" and is written as

min ¢’ x min 2721 Cj - Xj
s.t. Ax>Db s. t. Z}i’:l ajj-xj>b; forallie [m]
x>0 xj 20 forallje [n]

(Inequalities on vectors apply componentwise.)
Any vector x € R" with Ax > b and x > 0 is called a feasible solution for the LP, and ¢’ x is its
objective value. An optimal solution is a feasible vector x* with minimal objective value.

Remark 11.2 (Rational coefficients)
We can in general allow A € Q"**, b € Q" and ¢ € Q"; by multiplying constraints and
scaling objective function with the common denominator we obtain an equivalent LP.



Example LP

min 7x1 + X +5x3
s.t. x1— x2+3x3>10
5x1+2xp— x3> 6

X1,x2,x3 >0

~~ Optimal solution x* = (1.75,0,2.75) with ¢ x* = 26.



Example LP

min 7x1 + X +5x3
s.t. x1— x2+3x3>10
5x1+2xp— x3> 6
X1,%2,x3 >0
~~ Optimal solution x* = (1.75, 0, 2.75) with ¢ x* = 26.
Extreme point: feasible point that is not a convex combination of two distinct feasible solutions.

Remark 11.3 (Facts on LPs)

1. More general versions of LP possible:
= constraints, unrestricted variables, max instead of min ...
~- can all be transformed into equivalent one in standard form.

2. LP can be infeasible (no solution), unbounded (no optimal solution) or finite.
3. If LP has optimal solution, there is an optimal extreme point ~- finite problem!

4. Optimal solutions can be computed in polytime (ellipsoid method).



Integer Linear Program in Standard Form

Definition 11.4 (ILP)
An integer linear program in standard form is an LP with the additional integrality constraints
Xj € No:

min c’x

s.t. Ax>Db

n
xeNO



Integer Linear Program in Standard Form

Definition 11.4 (ILP)

An integer linear program in standard form is an LP with the additional integrality constraints
x; € Np:
j 0-

min c’x

s.t. Ax>Db

n
xeNO

Remark 11.5 (Facts on ILPs)
1. Generalized versions can again be transformed into standard form.

2. Decision version of the problem NP-complete.



11.2 LP Relaxations & Rounding



LP Relaxation Approximations

Since ILPs are NP-complete, any NP problem can be written as an ILP

well, for decision versions ... but often very natural to write optimization problems as ILP

Hard part of approximation: Get a bound on OPT!
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1.
2.
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LP Relaxation Approximations

Since ILPs are NP-complete, any NP problem can be written as an ILP

well, for decision versions ... but often very natural to write optimization problems as ILP

Hard part of approximation: Get a bound on OPT!

~+ A natural idea to obtain approximately optimal solutions for NPO problems:

1.
2.
3.

Formulate problem as ILP (I)
Drop integrality constraints from (I) ~» LP (P)

Obtain optimal fractional solution x* for (P)
Cost of x* is bound for OPT!

..?  Somehow get back to feasible solution for (I)

Simplest version: Round to nearest integer!

tricky bit: how to make feasible

Note: Integrality gap of (I)LP is key barrier in this approach



Set Cover as ILP
The Set Cover ILP S=05 .. \Sk\

Idea x =1 iff S j in cover.

Notation: Fore € U = [n] setiV(e) = {j : e € S;}.

k
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The Set Cover ILP
Idea x; = 1iff S; in cover.
Notation: Fore € U = [n] set V(e) = {j : e € S;}.

k
min Z c(5)) - x;
j=1
s.t. ijzl Ve e U I

jeVie)

k
xeNO
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x>0

Observation: Any optimal solution

LP Relaxation: replace x € Nf by x > 0.
fulfills x € {0, 1}*

~ efficiently solvable, but might get
fractional solutions x*.



Set Cover as ILP

The Set Cover ILP

Idea x =1 iff S j in cover.

Notation: Fore € U = [n] set V(e) = {j : e € S;}.

k
min Z c(5)) - x;
=1

s.t. ijzl Ve e U I
jeVie)

k
xeNO

Observation: Any optimal solution
fulfills x € {0, 1}*

(P)

x>0

LP Relaxation: replace x € Nf by x > 0.

~ efficiently solvable, but might get
fractional solutions x*.

z
Write OPT ;) resp. OPT p) for the optimal objective value ~» OPT() & OPT(p)
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Simple Rounding

For rounding to yield feasible integral solution, must round conservatively.

1 procedure frequencyCutoffSetCover(n,S,c)

2 f = global frequency of S
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Theorem 11.6
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Simple Rounding

For rounding to yield feasible integral solution, must round conservatively.

1 procedure frequencyCutoffSetCover(1,S,c)

2 f = global frequency of S

3 x* := optimal solution of relaxed set cover LP.
4 C:=0

5 forj:=1,...,k

6 ifx;zl/fthenaddjtoe

7 return C

Proof:

(1) Cis a set cover

Theorem 11.6

frequencyCutoffSetCover is an

f-approximation for SETCOVER.

Corollary 11.7

frequencyCutoffSetCover is a
2-approximation for
WEIGHTED VERTEXCOVER.

[

s

i

Let e € U be arbitrary. Since x* is feasible, we have Z x; > 1.

jeVie)

(P)



Simple Rounding

For rounding to yield feasible integral solution, must round conservatively.

Theorem 11.6

1 procedure frequencyCutoffSetCover(1,S,c) frequencyCutoffSetCover is an
2 f := global frequency of S imation for SETC
3 x* := optimal solution of relaxed set cover LP. f-approximation for SETCOVER.
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Simple Rounding

For rounding to yield feasible integral solution, must round conservatively.

Theorem 11.6

1 procedure frequencyCutoffSetCover(1,S,c) frequencyCutoffSetCover is an
2 f := global frequency of S imation for SETC
3 x* := optimal solution of relaxed set cover LP. f-approximation for SETCOVER.
4 C:=0
s forji=1,...k Corollary 11.7
° if xj 2 1/f thenadd j to € frequencyCutoffSetCover is a
7 return C . .
2-approximation for
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e
Proof: \’(
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Let e € U be arbitrary. Since x* is feasible, we have Z x; > 1.
jeVie)

V() =f.<f ~» one x}‘ with j € V(e) must be x; >1/f.



Simple Rounding

For rounding to yield feasible integral solution, must round conservatively.

Theorem 11.6

1 procedure frequencyCutoffSetCover(1,S,c) frequencyCutoffSetCover is an
2 f := global frequency of S imation for SETC
3 x* := optimal solution of relaxed set cover LP. f-approximation for SETCOVER.
4 C:=0
s forji=1,...k Corollary 11.7
¢ L L R frequencyCutoffSetCover is a
7 return C . .
2-approximation for
WEIGHTED VERTEXCOVER.
Proof:

(1) Cis a set cover
Let e € U be arbitrary. Since x* is feasible, we have Z x; > 1.
540
V() =f.<f ~» one x}‘ with j € V(e) must be x; >1/f.
~» j € Cand e is covered.



Simple Rounding [2]

Proof (cont.):
(2) f-approximation. min-problem

v
x* optimal for (P) ~ cTx*=OPTp) < OPT(;. Forevery j € C, Xj 2 1/f.



Simple Rounding [2]

Proof (cont.): .

(2) f-approximation. mm'PiOblem

x* optimal for (P) ~ cTx*=OPTp) < OPT(. Forevery j € C, Xj 2 1/f.
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Simple Rounding [2]

Proof (cont.):
(2) f-approximation. min-problem

v
x* optimal for (P) ~» cTx*=OPTp) < OPT(;. Forevery j € G@
—~ @) = >e(s)
j€C

¢
< D fexes)

jee

= f)nes)

jec



Simple Rounding [2]

Proof (cont.):
(2) f-approximation. B
x* optimal for (P) ~ cTx*=OPTp) < OPT(. Forevery j € C, Xj 2 1/f.

min-problem

—~ @) = >e(s)
jee
< D fexes)
jee
= f)xeS)
jee
< fe ) xee(s)
jelkl

f - OPT p)



Simple Rounding [2]

Proof (cont.):
(2) f-approximation. B
x* optimal for (P) ~ cTx*=OPTp) < OPT(. Forevery j € C, Xj 2 1/f.

D e(s)

jee

Zf-x;-c(Sj)

jee

foYxe(s))

jec
fr) e
jelk]
f - OPT)
f-OPT,

min-problem

~ ¢(C)

IA
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Simple Rounding — Analysis is tight

In the worst case, the above threshold method cannot be better than an f-approximation.
Consider the “Fully Symmetric instance:”

Suppose f | n
U=[0.n)withS; ={j,j+1,...,j+ f —1} mod n, for all j € [0..n)
All sets of equal cost, c(S;) = 1

~ n/f sets suffice;

but x* = ( %, e, }7) is optimal for (P) ~» frequencyCutoffSetCover outputs C = [0..1)



11.3 Randomized Rounding
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Another intuitive use of fractional solutions X; € (0,1): include S; with probability X;in €.

k

~ E[c(@)] = Zx;-c(sj) = OPTyp) ()
j=1

Too good to be true? ~ Yeah, mostly not a feasible solution.

But the idea can often be rescued. xS et

coneer
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Fractions as probabilities

Another intuitive use of fractional solutions X; € (0,1): include S; with probability X;in €.

k

~ E[c(@)] = Zx;-c(sj) = OPTyp) ()
j=1

Too good to be true? ~ Yeah, mostly not a feasible solution.
But the idea can often be rescued.

Intuition: If e occurs in f, sets, we have
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Fractions as probabilities

Another intuitive use of fractional solutions X; € (0,1): include S; with probability X;in €.

k

~ E[c(@)] = Zx;-c(sj) = OPTyp) ()
j=1

Too good to be true? ~ Yeah, mostly not a feasible solution.
But the idea can often be rescued.

Intuition: If e occurs in f, sets, we have

M sjee| = 1- r[(l—x;) > 1—(1—%)]([ > 1—%

j€Vi(e) jeV(e)

Ple covered] = 1-P

~+ Coupon collector with n coupons ~+ = H, repetitions suffice (in expectation)

Assuming we keep trying and collect all sets ever chosen

Curiously, H,, is also approx. ratio of greedy ...

But randomized rounding is general & tweakable.



Randomized Rounding

1 procedure randomizedRoundingSet(, S, c,@)
2

3 fori:=1,...,r

4 © =

5 forj:=1,...,k

6 b := coin flip with prob x]*.

if b ==1then C; := C; U {j}

8 return € == |J]_, C;

9

x* := optimal solution of relaxed set cover LP.

10



Randomized Rounding
safely above CC’s H),

procedure randomizedRoundingSet(1, S, c, ) For simplicity, always set|r = [11’1(41/1 )'l

1

2 x* := optimal solution of relaxed set cover LP.

3 fori:=1,...,r Lemma 11.8

¢ Ci=0 randomizedRoundingSet computes a

’ forj =1,k feasible set-cover with probability > 2
6 b := coin flip with prob x]*. p =4
7 if b ==1then C; := C; U {j}

8 return € == |J]_, C;

Proof:
Recall from calculation above that for e € U and a single iteration of the outer loop:
fe
1 1
P[e not covered by ;] < (1 - —) £ =
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Randomized Rounding
safely above CC’s H),

procedure randomizedRoundingSet(1, S, c, ) For simplicity, always set|r = [11’1(41/1 )'l

1

2 x* := optimal solution of relaxed set cover LP.

s fori=1,...,r Lemma 11.8

* Ci=0 randomizedRoundingSet computes a

5 forj:=1,...,k . . . 3

. S e feasible set-cover with probability > 7.
- j

7 if b ==1then C; := C; U {j}
8 return € == |J]_, C;

Proof:
Recall from calculation above that for e € U and a single iteration of the outer loop:

1" 1
P[e not covered by ;] < (1—]7) < B

T r

~> [P[e not covered by €] = H [P[e not covered by C;] < (1)
i=1

With the union bound over all 7 elements and r = In(41), we obtain

P[C not a set cover] < ne” = 31_

10



Randomized Rounding — Analysis

Lemma 11.9 (Expected quality)

Let C by computed by randomizedRoundingSet with  repetitions.
The expected cost are E[c(C)] < 7 - OPTp.

11



Randomized Rounding — Analysis

Lemma 11.9 (Expected quality)

Let C by computed by randomizedRoundingSet with  repetitions.
The expected cost are E[c(C)] < 7 - OPTp.

~» For r = In(4n) we have by Markov’s inequality: P [c(@) > 4In(4n) - OPT(p)] < %
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Randomized Rounding — Analysis

Lemma 11.9 (Expected quality)

Let C by computed by randomizedRoundingSet with  repetitions.
The expected cost are E[c(C)] < 7 - OPTp.

~» For r = In(4n) we have by Markov’s inequality: P [c((?) > 4In(4n) - OPT(p)] < %
Proof:
We choose € =G U---UC,.

For the cost we get
r

Z c(C)

i=1

r

= Z[E[c((?i)] = r-OPTp
i=1

E[c(©)] < E

11



Randomized Rounding Approximation for Set Cover

So far, randomizedRoundingSet might return infeasible solution. ¥
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Randomized Rounding Approximation for Set Cover

So far, randomizedRoundingSet might return infeasible solution. ¥ But that’s easy to fix!

1 procedure randomizedRoundingSetCover(1, S, c)
2 € = randomizedRoundingSet(1, S, ¢, [In(4n)])
3 if C is a set cover

4 return C

5 else

6 return S

Theorem 11.10 (randomizedRoundingSetCover randomized approx)

randomizedRoundingSetCover is a randomized 4 In(47)-approximation for SETCOVER.
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Randomized Rounding Approximation for Set Cover

So far, randomizedRoundingSet might return infeasible solution. ¥ But that’s easy to fix!

1 procedure randomizedRoundingSetCover(1, S, c)
2 € = randomizedRoundingSet(1, S, ¢, [In(4n)])
3 if C is a set cover

4 return C

5 else

6 return S

Theorem 11.10 (randomizedRoundingSetCover randomized approx)

randomizedRoundingSetCover is a randomized 4 In(47)-approximation for SETCOVER.

Proof:
P[€notSC V ¢(C) > 4In(4n)- OPTpp)] < P[CnotSC] + P[c(C) > 4In(4n) - OPT(p)]
< 1 i 1
Lemma 118, Lemmallgl &
1

12



11.4 LP Duality



LPs for Approximation

Suppose we consider a minimization NPO problem.

Recall: Key use of LP relaxation for approximation: Get lower bound for OPT.

13



LPs for Approximation
Suppose we consider a minimization NPO problem.

Recall: Key use of LP relaxation for approximation: Get lower bound for OPT.

There’s another powerful technique from linear optimization that can do that: the dual
problem!

13



Bounding optimal values of LPs

Starting with an original (“primal”) LP, how can we bound on its optimal objective value?

min 7x1 + Xp +b5x3

sty - (x1— x+3x3)> 10y, sl
/z'(le +2xy — X3>Z 6,

X1,%x2,x3 > 0

Optimal solution:
x* = (1.75,0,2.75) with ¢Tx* = 26.

aeads  CQavns booucd Bz +r, £Sx,

;?ﬂvfxz'rgf?(; Z X, - Xq +?<} S
=30

?“v+i? 15)@ i S\az{z_x‘szj > &
1?\*?7*5-?‘3 2

> 5x‘+><2-;'2><g > /4
acl,

(.DLIAQ

moy Oy € Ey,

S
¥, 3y, & ? Ve's

~yi2y, <L r,

S = v <5 Vg

Yo7y 20

14



Dual LPs

min ¢’ x max bTy
s.t. Ax>b  (P) s.t. Aly<c (D)
x>0 y=0
Generalizations:

7

» ith constraint in primal with ‘>" «~ 1; > 0

» ith constraint in primal with ‘=" «w y; unconstrained

Lemma 11.11 (Weak Duality)

If x and y are feasible solutions for the primal resp. dual LP, it holds that

>
Lr ¢/ < %

15



Dual LPs

min c’x max bTy
s.t. Ax>b  (P) s.t. Aly<c (D)
x>0 y=0

Generalizations:
7

» ith constraint in primal with *
» ith constraint in primal with ‘&’

PV ]/i > 0
«~s 1/; unconstrained

Lemma 11.11 (Weak Duality)

If x and y are feasible solutions for the primal resp. dual LP, it holds that

Proof:
Dual constraint ATy < ¢ implies ¢’

~ x> yTAx = yT(Ax) J> y'b = by

prim. constr.

15



Duality Theory
Indeed, one can show by a closer study that the optimal objective values always coincide.
Theorem 11.12 (Strong duality)

The primal LP has a finite optimal objective if and only if the dual has. If x* resp. y* are two
optimal solutions to the primal resp. dual LP then ¢’ x* = bT y* holds.

16



Duality Theory

Indeed, one can show by a closer study that the optimal objective values always coincide.

Theorem 11.12 (Strong duality)

The primal LP has a finite optimal objective if and only if the dual has. If x* resp. y* are two
optimal solutions to the primal resp. dual LP then ¢’ x* = bT y* holds. <

Theorem 11.13 (Complementary Slackness Conditions (CSC))
Let x and y be feasible solutions to the primal and dual LP.
The pair (x, y) is optimal if and only if
1. Vje[n]: xj=0V Dl<i<m aij-yi=cjand
2. Vie[m]: yi=0V Xicj<ptij-Xj=bi. <
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Duality Theory

Indeed, one can show by a closer study that the optimal objective values always coincide.

Theorem 11.12 (Strong duality)

The primal LP has a finite optimal objective if and only if the dual has. If x* resp. y* are two
optimal solutions to the primal resp. dual LP then ¢’ x* = bT y* holds.

Theorem 11.13 (Complementary Slackness Conditions (CSC))
Let x and y be feasible solutions to the primal and dual LP.
The pair (x, y) is optimal if and only if

1. Vje[n]: xj=0V Dl<i<m aij-yi=cjand

2. Vie[m] : yi=0V Xicjcn aij - xj = bi.

Remark 11.14

1. Strong duality implies that the LP threshold decision problem is in NP N co-NP:
Yes-certificate: feasible solution; No-certificate: feasible solution for the dual.
(We know it actually lies in P)

2. For ILPs, we only get weak duality.

16



11.5 Vertex Cover and Matching Revisited



Vertex Cover & Maximum Matching

Vertex Cover

min Z T
veV
s.t.xy +x4y =21 VYow € E

x, €{0,1} VoeV

~+ Consider the LP relaxations

Maximg Matching

max Z Ye

ecE

st ) Yw<1 YoeVv

vweE

yt’ € {0/1} Ve & E

17



Vertex Cover & Maximum Matching -

Graph G Minimum Vertex Cover
@ e @ min X1+ Xp + X3 + X4
s.t. x1+x2 >1
e es X1+ X3 >1

x3+xg =1
) ) o oo
Xo + x4 2>1

X1 ,% ,x3,%x4 20

Example

Maximum Matching

max Y1 +Y2+Y3+yst+ys

st yityat Y4 <1
i+ ys <1

2 t+y3 <1
y3+ys+ys <1

Vi, Y2, Y3, Ya,Yys =0

18



Vertex Cover & Maximum Matching — Example

Graph G Minimum Vertex Cover Maximum Matching

@ e @ min X1+ Xp + X3 + X4

max Y1 +Y2+Y3+yst+ys

s.t. x1+x >1 st y1+ya m
e es X1+ X3 >1 Y1+ Y5
x3+xg =1 Y2 + 3
@ @ x1+ xg 21 Y3+ s+ ys
Xo + x4 2>1

Yi,Y2,Y3,Ys, Y5
X1 ,% ,%3,x4 20

1100 11010

/U1010 [ 10001
00 11 01100
1001 00111
010 1

18



Vertex Cover & Maximum Matching — Example

Graph G

€2

€1

€5

Minimum Vertex Cover

min

s.t.

X1+ X2+ X3+ X4

X1+ X2
X1+ X3
X3 + X4
369 ar X4
Xy + X4

X1, X2, X3, X4

O R O R
== =R
O O = = O
el e = =)

Maximum Matching

max y]+y2+y3+y4+y5

S.t.

Ve

ity + Ya
yi+ Y5
Y2+ Y3
Ystyatys

Yi,Y2,Y3,Ys, Y5

e

®

O = O =N
== O ON
_ o o AR
—_ o = of

1
1
0
0

incidence matrix of G!

18



Vertex Cover & Maximum Matching — Dual Problems

Problems are dual!
~» Our earlier lemma “VC > M” is just weak duality (on the ILPs)
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Vertex Cover & Maximum Matching — Dual Problems

Problems are dual!
~+ Our earlier lemma “VC > M” is just weak duality (on the ILPs)

~» Can generally try to build approximation algorithm by constructing pair of
primally/dually feasible solutions
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Vertex Cover & Maximum Matching — Dual Problems

Problems are dual!
~+ Our earlier lemma “VC > M” is just weak duality (on the ILPs)

~» Can generally try to build approximation algorithm by constructing pair of
primally/dually feasible solutions

Note: Dual LPs have equal optimal objective value;
For dual ILPs, can have a duality gap

~~ For VERTEXCOVER/ MAXIMUMMATCHING, duality gap is 2.

o ol (4 falagre Pl for Cp)

é/_%ﬂl/ﬁ\

e tdeccalol
Aw‘-ﬂ Qﬁas\U\l Lﬁs{(j_ )

19



Bipartite Graphs

Except for bipartite graphs!
Bipartite graph: V(G)=LUR,E(G)c LxR
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Bipartite Graphs

Except for bipartite graphs!
Bipartite graph: V(G)=LUR,E(G)c LxR

Known: every square submatrix has determinant 0, 1, or —1

/
» incidence matrix A of bipartite G is a totally unimodular (TU) matrix
» ATU ~ LPsmin{c’x:Ax > b,x > 0} and max{bTy : ATy < ¢,y > 0}
with integral b and ¢ have integral optimal solutions x* and y*
~» No integrality gap and no duality gap!

20



Bipartite Graphs

Except for bipartite graphs! Q/ e
Bipartite graph: V(G)=LUR,E(G)c LxR

Known: every square submatrix has determinant 0, 1, or —1

/
» incidence matrix A of bipartite G is a totally unimodular (TU) matrix

» ATU ~ LPsmin{c’x:Ax > b,x > 0} and max{bTy : ATy < ¢,y > 0}
with integral b and ¢ have integral optimal solutions x* and y*
~» No integrality gap and no duality gap!

Here, also easy to see directly:

» Maximum matching in bipartite graph must have one side (L or R) completely matched
~+ Taking all of these vertices must be a VC

20



11.6 Set Cover Duality & Dual Fitting



Dual Fitting

b U x
Dual fitting uses (I)LPs for a minimization problem as follows: st Axzb
xe (NS

» Simple algorithm maintains primally feasible and integral x.

» In the analysis, we show that cTx,
the cost of x, is at most the cost of an implicitly computed (nonintegral) dual y.
However, y is not in general dually feasible.

» By scaling y down by a factor 6 > 1, we obtain a feasible dual solution: /0.

~ OPT > OPT(p) = CTJC>€ = bTy* > bT(y/é)

\\

~ cfx < by < 6-OPT 6P T oo,
(
el bty e Q)Ty e elUx
st ATy 2 ¢ (D) st A==b (P)
x>0

¥ 20

21



Set Cover LP and its dual

Recall: Input: S = (S1, ..., Sk) over universe U; define V(e) = {j : e € S;}.

min ic(sj)wcj max Zye

]'=1 > ecl
l‘[&Au'Lfr/e . i
st Y21 veeu ™ st Y ye < c(S) Vjelk]
jevie) ¢€j
x>0 y=0

Intuition:
Pack as much (y,.) of good e as possible, so that for group S; its capacity c(S;) is not exceeded.

22



Analysis of greedySetCover by dual fitting
Recall greedySetCover from Unit 10:

1 procedure greedySetCover(1, S, c) Proof:
) e:=0; C:=0 price(e) essentially dual variable, but not directly
3 // For analysis: i = 1 feasible.  (Recall 3, price(e) = c(C)).
4 while C # [n]
5 i* := argmin c(Si)
ie[n] [Si \ C|
6 €= CU{i"}
7 C:=CUS;
8 // For analysis only:
c(Siv)
: 7%= 5l
10 //for e € Si» \ C set price(e) = a;
1 /i=i+1
12 return C
Lemma 11.15

Ye = price(e)/H, is dually
feasible.



Analysis of greedySetCover by dual fitting
Recall greedySetCover from Unit 10:

1 procedure greedySetCover(1, S, c) PrPOf:
) e:=0; C:=0 price(e) essentially dual variable, but not directly
3 // For analysis: i := 1 feasible.  (Recall 3, price(e) = c(C)).
hile C #
) " lj Il (S Consider the dual constraint for S;:
5 1 = argmin o
ie[n] [Si \ C| < ¢(Sj). Write { = |Sj|.
6 €= Ui’ e;yc (5 151
7 C:=CUSj !
8 // For analysis only:
, N = c(5i)
CTISH\C
10 //for e € Si» \ C set price(e) = a; max Z Ye
11 /i=i+1 e
2 returnC st ) ye < e(8) Vjelk]
e€S;
Lemma 11.15 y >0

Ye = price(e)/H, is dually
feasible.



Analysis of greedySetCover by dual fitting
Recall greedySetCover from Unit 10:

1 procedure greedySetCover(n, S, c) Prpof:
) e:=0; C:=0 price(e) essentially dual variable, but not directly
9 // For analysis: i := 1 feasible.  (Recall 3, price(e) = c(C)).
4 while C # [n] . .
. (S Consider the dual constraint for S;:

5 1= argmin 1T Z < (S Write ¢ = |||

i€[n] |97 < Cloj). rite ¢ = il
6 C:=CuU{i*} eesvyc’ ! !
7 C:=CUS;+ y
8 // For analysis only: Let eq,...,e, be elements in order as covered by
. W = c(Sir) algorithm.
o lfre E'glf\\glset ) i When ¢; covered, S; contains > ¢ — (i — 1) uncovered
11 Ni=i+1 elements.
12 return C
Lemma 11.15

Ye = price(e)/H, is dually
feasible.



Analysis of greedySetCover by dual fitting
Recall greedySetCover from Unit 10:

1 procedure greedySetCover(1, S, c) Prpof:
) e:=0; C:=0 price(e) essentially dual variable, but not directly
9 // For analysis: i := 1 feasible.  (Recall 3, price(e) = c(C)).
4 while C # [n] . .

. (S Consider the dual constraint for S;:
’ I T Dlyes<c(s).  Writel=|S)|

i€[n] |97 < Cloj). rite ¢ = il
6 C:=CuU{i*} eesvyc’ ! !
7 C:=CUS; y
8 // For analysis only: Let eq,...,e, be elements in order as covered by
8 N = |SC-(S\II*()?| algorithm.
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Analysis of greedySetCover by dual fitting
Recall greedySetCover from Unit 10:

1 procedure greedySetCover(1, S, c) Pr?Of:
) e:=0; C:=0 price(e) essentially dual variable, but not directly
9 // For analysis: i := 1 feasible.  (Recall 3, price(e) = c(C)).
4 while C # [n] . .
. (S Consider the dual constraint for S;:
’ I Y Dlyes<c(s).  Writel=|S)|
i€ln] 15i < c(S)). rite { = |S;].
6 € := eu{i'} eesv]/c ! !
7 C:=CUS; y
8 // For analysis only: Let eq,...,e, be elements in order as covered by
. W = | SC-(S\II*()?| algorithm.
. Hforec S:\ C setpricele) =l When ¢; covered, S; contains > ¢ — (i — 1) uncovered
11 Ni=i+1 elements.
12 return C . C(Sj)
~ §j covers e; at price < =11 P element.
c(S;
Lemma 11.15 s price(el-) < 7 (]_21
=i

Ye = price(e)/H, is dually
feasible.



Analysis of greedySetCover by dual fitting

Recall greedySetCover from Unit 10:

1 procedure greedySetCover(1, S, c)
2 C:=0, C:=0

3 // For analysis: i := 1

4 while C # [n]

5 i* := argmin c(Si)
ie[n] |Si \ Cl

6 €= QU {i*}

7 C:=CUS;

8 // For analysis only:
o c(Si)

© TuT A

10 //for e € Si» \ C set price(e) = a;

1 Ni=1i+1

12 return C

Lemma 11.15

Ye = price(e)/H, is dually

feasible.

Proof:
price(e) essentially dual variable, but not directly
feasible.  (Recall 3, price(e) = c(C)).

Consider the dual constraint for S i

Dlye<c(S).  Writel =|Sj.

QES/

Let eq,...,e, be elements in order as covered by
algorithm.

When ¢; covered, S; contains > ¢ — (i — 1) uncovered
elements.
, c(S;)
~ §j covers e; at price < =i+ P element.
c(S)) 1\ c(S))
Yo S|
H, )l —i+1

~ 1 7)) =<
price(e;) < i+l
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Analysis of greedySetCover by dual fitting [2]

Proof (cont.):
Consider dual constraint for S;:

!
Dve = D Ve,

e€S; m=1
Sf: gﬁLLt"r EFQB
~ ¢(€) < H,-OPTp), = H,- OPTp,.

Also note: actually suffices to scale by Hy for £ = max|S;]|.



Analysis of greedySetCover by dual fitting [2]

Proof (cont.):
Consider dual constraint for S;:

: o(S) 1
2V = DV < Tl
e€S; m=1 n

7 <L c(S;)
TS H )l —i+1

~ ¢(@) < Hy-OPT(p) = Hy-OPT(p).

m=1

Also note: actually suffices to scale by Hy for £ = max|S;]|.



Analysis of greedySetCover by dual fitting [2]

Proof (cont.):

¢ £\,
Consider dual constraint for S;: ]

!

Dive = D ye, < C(Sf Z— = £ (5) ()

e€S; m=1 m=1

c

24



Analysis of greedySetCover by dual fitting [2]
Proof (cont.):
Consider dual constraint for S;:

{ !
c(§j) v 1 H
2 ¥ = LY S FE D = g < S
m=1 n n

e€S;

=1

m - L J_u.aQ &:ca‘%
o

~ (@) < Hn'OPT(D) = Hn~OPT(p).

~ OPT > OPTpy = c'x* = bTy* > bT(y/d)
®) ! J

N
~ cTx < l7Ty < 6-0OPT 6 Tepy
(

24



Analysis of greedySetCover by dual fitting [2]

Proof (cont.):
Consider dual constraint for S;:

{ !
o) o 1 H
Dive = D ye, < H—JZE = H_:c(s]-) < oS))

e€S; m=1 m=1

~ ¢(@) < Hy-OPT(p) = Hy-OPT(p).

Also note: actually suffices to scale by Hy for £ = max|S;]|.
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Integrality Gap of Set Cover

Previous result shows that integrality gap

Can we give a lower bound?

OPT

<
OPTp) ~
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Integrality Gap of Set Cover

OPT
<
OPTp) ~

Previous result shows that integrality gap
Can we give a lower bound?

Theorem 11.16 (Integrality Gap of Set Cover)

For the set cover ILP and its relaxation holds

OPT - log,(n +1) 1

~ H, ~ 0.721H
OPTp) = 2L 2In2 " 0 "

n+1

~ not possible to improve worst case using LP tricks alone

Proof:
We construct a concrete example family.
Givenn =2/ —1forf € Noy ~ U = [1..2%) all £-bit binary numbers (except 0)

o



Integrality Gap of Set Cover
OPT

Previous result shows that integrality gap OPT <
(P)

Can we give a lower bound?

Theorem 11.16 (Integrality Gap of Set Cover)

For the set cover ILP and its relaxation holds

OPT log,(n +1) 1
> ~ H, =~ 0.721H
OPTp) = 2- 2In2 " "
= tovy,
~ not possible to improve worst case using LP tricks alone 41 = (1,0, 1)

Proof:
We construct a concrete example family.
Givenn =2/ —1forf € Noy ~ U = [1..2%) all £-bit binary numbers (except 0)

View i € U as binary vector i € {0, 1}/ using binary digits of number i.
SetSj={iel: iTj =1 (mod 2)} forj=4,...,n&l; c(5;)=1

il - n

— (

25



Integrality Gap of Set Cover [2]
0-)

Proof (cont.): z 4
Can show: |Sj| = 2 and |V (i)| =

Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=l

5= (et 0. 000) ¢
f

(e lo,.0,\0])



Integrality Gap of Set Cover [2]

Proof (cont.):
Can show: |Sj| = 2 and |V (i)| =
Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=l

Setting all x; = —2- is primally feasible for set cover LP (fractional set cover)
~ OPT(p) < n--3; ~ 2.

n+1

/ Fdwmﬁ n\.,L(Jroﬂ'\k@

#Heels
Z X, 2 4 ee U
PRV



Integrality Gap of Set Cover [2]

Proof (cont.):
Can show: |Sj| = 2 and |V (i)| =
Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=,
Setting all x; = —2- is primally feasible for set cover LP (fractional set cover)
~ OPT(p) < n--3; ~ 2.
However, integral set cover needs ¢ sets.
Suppose not, let iy, . .., i yield cover with k < {.
— =
~ A = : is k X { matrix
—i—
~ rankof Ais < k



Integrality Gap of Set Cover [2]

Proof (cont.):
Can show: |Sj| = 2 and |V (i)| =

Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=l

Setting all x; = —2- is primally feasible for set cover LP (fractional set cover)
~ OPT(p) < n--3; ~ 2.

n+1

However, integral set cover needs ¢ sets.
Suppose not, let iy, . .., i yield cover with k < {.

—i—

~ A = : is k x ¢ matrix
— i —

~s rank of Ais < k (2

2

~» nullspace of A # {0} ~~ Fj:Aj=0



Integrality Gap of Set Cover [2]

Proof (cont.):
Can show: |Sj| = 2 and |V (i)| =
Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=,
Setting all x; = —2- is primally feasible for set cover LP (fractional set cover)
~ OPTp) < n-73; ~ 2.

However, integral set cover needs ¢ sets.
Suppose not, let iy, . .., i yield cover with k < {.

—i—
~ A = : is k x ¢ matrix
— i —
~+ rank of Ais < k e’

~
]
=~

~» nullspace of A # {0} ~~ Fj:Aj=0
j¢51‘1,...,51‘k b SC.

§



Integrality Gap of Set Cover [2]

Proof (cont.):
Can show: |Sj| = 2 and |V (i)| =

Given j, can arbitrarily f111 ¢ —1 digits of i; for last p where j, =1, exactly one choice for i, makes 2=,

Setting all x; = —2- is primally feasible for set cover LP (fractional set cover)
~+ OPTp) < n- ~ 2.

n+1

However, integral set cover needs ¢ sets.
Suppose not, let iy, . .., i yield cover with k < {.

e

~ A= : is k x £ matrix
—i—

~ rankof Ais < k

~» nullspace of A # {0} ~~ Fj:Aj=0

j¢51‘1,...,51‘k b SC.
OPT > ¢ = lg(n+1).

26



11.7 The Primal-Dual Schema



The Primal-Dual Schema

So far:
» ad hoc methods, a posteriori justified by LP arguments

» rounding algorithms, must solve primal LP to optimality (polytime, but expensive!)

Can we use duality more directly?
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The Primal-Dual Schema

So far:

» ad hoc methods, a posteriori justified by LP arguments
» rounding algorithms, must solve primal LP to optimality (polytime, but expensive!)

Can we use duality more directly?

Idea: Use complementary slackness conditions to guide us
On ILPs, need suitably relaxed CSC
» maintain (x, y) throughout that satisfy relaxed CSC

> x is always integral, but initially not primal feasible
» 1 is dual feasible, but not integral
» To make x “more feasible” modify it

~~ let CSCs guides adjustment to y
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The Primal-Dual Schema

So far:
» ad hoc methods, a posteriori justified by LP arguments

» rounding algorithms, must solve primal LP to optimality (polytime, but expensive!)

Can we use duality more directly?

Idea: Use complementary slackness conditions to guide us
On ILPs, need suitably relaxed CSC
» maintain (x, y) throughout that satisfy relaxed CSC

> x is always integral, but initially not primal feasible
» 1 is dual feasible, but not integral
» To make x “more feasible” modify it

~~ let CSCs guides adjustment to y

~+ self-certifying algorithm: y gives bound on OPT, so proofs approx. ratio for x

27



Relaxed CSCs

~ ue L <% S?Q
mate C &k h /
Recall:.LP Complementary Slackness Conditions: Ax2b Ay <o oy
1. Vje[n] :x; =0V Zﬂ,',]'y,' = cjand
*2o
1<i<m Y 20
2. Vie[m]:yi =0V ) aijxj = bi
1<j<n

ML\‘PL(,, for b comabb o (P)
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Relaxed CSCs

Recall: LP Complementary Slackness Conditions:
1. Vje[n] :x; =0V Zﬂ,',]'yi = cjand
1<i<m

2. Vie[m]:y; =0V Zai,ij = 03,

1<j<n

(a, p)-Relaxed CSCs: With[oc >landp > 1]
o

. J
1. Vje[n] : xj=0V > < Za,-,jyi < cjand
1<i<m
2. Vie[m]: y;=0V b; < Za,‘,]‘xj's B bi.
1<j<n

WA L C‘T)(
/—\'r?l"

2o

™

e

Aly <c

v 20

(@S
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Relaxed CSCs

Recall: LP Complementary Slackness Conditions:
1. Vje[n] :x; =0V Zai’j}/i = cjand

1<i<m
2. Vie[m]:y; =0V Zai,ij = 03,
1<j<n
(a, p)-Relaxed CSCs: With[a >landp > 1]
ci
1. Vje[n]: xj=0V 2 < Za,-,jyi < c¢jand § ey dust
@ 1<i<m L,.:{a[& w‘_;\/
2. Vie[m]: y;=0V b; < Zai,]-xjs B bi.
1<j<n

Lemma 11.17 (Relaxed CSC duality)

If x and y and primal resp. dual feasible and satisfy the («, §)-relaxed CSCs
thenc’x < af-bly -

Proof:
Computerch < aATy)Tx = ay’(Ax) < ay’pb = ap-b'y.
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CSC for Set Cover

Complementary Slackness Conditions for Set Cover

x=0 Vv Zys—:c(sj) Vj e [K]

e #€S;

ye=0 vV > x=1 Veel
jevie)

Problem: In general only simultaneously fulfilled by fractional solutions
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CSC for Set Cover

Complementary Slackness Conditions for Set Cover

x=0 Vv Zyuzc(sj) Vj e [K]

u€es;

ye=0 vV > x=1 Veel
jevie)

Problem: In general only simultaneously fulfilled by fractional solutions

~> Initially relax dual constraints Vi@ to <=4

Ye=0V ijgf Ve e U
jeVie)

i.e., every element at most f times ~- trivially fulfilled ...
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Primal Dual Set Cover

1 procedure primalDualSetCover(n,S,c)
2 f = global frequency
3 x:=0 y:=0 T :=[n] Primal Set Cover
4 while T # 0 LP Dual Set Cover LP

. . k max Ye
5 Choose ¢ € T arbitrarily min Z e(S) - xj =
6 Increase . until CSC holds for one more set S; =1 s.t. ye < c(Sj) Vjelkl

] Ye i) Vi
Z for all Sf with Z(’ES/‘ Ye = C(Sj) st Zx’, 2zl Vecll &
€V(e)
5 T=T\S; B y=0
9 xj = 1// fix Sj for solution
10 return C := {j € [k] : x; = 1} (@, p)-Relaxed CSCs: Witha > Land f > 1]
1 Vjen]:x=0v % 51;::”% < cand (€sc )

Theorem 11.18 2 Vie[nl: yi=0v b € Y ax < feby

1<j<n

primalDualSetCover is an f-approximation for SETCOVER.

Proof:
The algorithm only terminates once C is a set cover ~» x primal feasible.



Primal Dual Set Cover

1 procedure primalDualSetCover(n,S,c)
2 f = global frequency
3 x:=0, y:=0;, T := [n] Primal Set Cover
4 while T # 0 LP Dual Set Cover LP
k
5 Choose ¢ € T arbitrarily min Y e(S))- x; e & v
6 Increase y, until CSC holds for one more set S; =1 sty ye < e(S) Vielk
7 forall S; with Sees; ye = c(S)) st ,;f >1 YeeU (o
5 T=T\S; e y=20
9 xj = 1// fix Sj for solution

10 return C := {j € [k] : x; = 1}

Theorem 11.18

primalDualSetCover is an f-approximation for SETCOVER.

Proof:
The algorithm only terminates once C is a set cover ~» x primal feasible.

For j with x; = 1, must have Zeesj Ye = ¢(5;) (CSC1)
(was true when x; set to 1, not modified later)



Primal Dual Set Cover

1 procedure primalDualSetCover(n,S,c)

2 f = global frequency

3 x:=0 y:=0 T :=[n]

4 while T # 0

5 Choose e € T arbitrarily

6 Increase . until CSC holds for one more set S i
7 for all S; with Z(,esj Ye = c(S;)

8 T=T\S;

9 xj = 1//fix S; for solution

10 return € := {j € [k] . xj =1}

Theorem 11.18

primalDualSetCover is an f-approximation for SETCOVER.

Proof:

Primal Set Cover
LP Dual Set Cover LP

k max Ye
min Y e(S))- x; by

=1 s.t. ZyU < c(S)) Vjelk]
st Y x21 Veel ics,

jevie) y>0

x>0

% paayx"l;a/( /‘L«V(lm'cbﬂ}\d-/

The algorithm only terminates once C is a set cover ~» x primal feasible.
For j with x; = 1, must have Zeesj Ye = ¢(5;) (CSC1)

(was true when x; set to 1, not modified later)

(x,v) satisfies (1, f)-relaxed CSCs ~» c(€) = c'x < 1-f-bTy < f-OPT
Y y
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Summary

LP-based Approximation design patterns
» deterministic rounding
» randomized rounding
» dual fitting

» primal-dual schema
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