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Problem 1 40 points

We consider again the setting of throwing n balls into n bins using pairwise-independent
bin choices. In this problem, you will construct a scenario where the fullest bin has oc-
cupancy §2(y/n), showing that the O(y/n) upper bound from class is tight up to constant
factors if all we know about the bin choices is pairwise independence.

Specifically, let By, ..., B, € [n] be the random (indices) chosen by the n balls. Show
that there is a distribution for (B, ..., By,) with the following properties

1. The marginal distributions are all uniform, B; £ U([n]).

2. For any two balls i # j, the r.v. B; and Bj are pairwise independent, i.e.,
Vp,ge[n]:PBi=pABj=gq]= %

3. Elmax X;] = Q(y/n)

Hint: Try choosing a (fixed, but randomly selected) bin that each ball falls into with
probability 1//n.

Problem 2 30 points
A sequence of random variables Y1, Y3, ... € U is called k-wise independent if for every
k-tuple (Y;,,...,Y;,) it holds that

vylaaykeU]P[(}/h??Yth):(yla3yk‘)] - ]:P)D/hzyl] """ P[sz:yk]

A family of hash functions H is called k-wise independent if, for h uniformly chosen from
H, the random variables h(x1),...,h(x,) are k-wise independent.

Generalize the proof from class about the upper bound for the fullest-bin occupancy
for the case the bins are picked by a hash function chosen randomly from a 3-wise
independent family. What can you prove about the occupancy?
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