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Self-Adjusting Data Structures

Idea: set of rules that makes data structure automatically adapt to use case

' N




2.1 Move-to-Root Heuristic



Rotations
N Y

rotateParent(a)
—
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Move-to-root

Upon an access to an element, rotateParent until accessed element is at root!
Allen, Munro: Self-Organizating Binary Search Trees, JACM 1978

Inspired by Move-To-Front heuristic of self-adjusting linked lists

> cost via MTF is at most 2 times cost of optimal static ordering

» MTF is 2-competitive as an online algorithm
(at most 2 times the cost of any algorithm)

P (both true under “basic cost model” only)

» with resource augmentation, LRU in paging very successful
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Move-to-root

Upon an access to an element, rotateParent until accessed element is at root!
Allen, Munro: Self-Organizating Binary Search Trees, JACM 1978

Inspired by Move-To-Front heuristic of self-adjusting linked lists
> cost via MTF is at most 2 times cost of optimal static ordering

» MTF is 2-competitive as an online algorithm
(at most 2 times the cost of any algorithm)

P (both true under “basic cost model” only)

» with resource augmentation, LRU in paging very successful

Maybe, Move-to-root is similarly successful!



Iid Accesses

Iid Model: Suppose the accesses to keys [1..n1] in BST are i.i.d. randomly drawn with
probabilities p1, ..., p,.

n
~ Expected search cost in a BST T given by Z pi - depth, @)
i=1
» If p; known up front, can compute static optimal BST via dynamic programming

~ Cost of this optimal tree Copr can be bounded in terms of the entropy

Lemma 2.1 (Bayer 1975)

n
H-1gH-1ge+1 < Copr £ H+1 for %:Zp,'lg(l/pi)
i=1

E Bayer: Improved Bounds on the Costs of Optimal and Balanced Binary Search Trees, M.Sc. Thesis, MIT 1975

Note: Copr is for successful search / depth of internal nodes
The case of accesses to leaves only, with access to w/p 9 j=0,...,n even cleaner:

n
H < ) gj-(1+depthy (7)) < F+2

=0



2.2 Move-to-Root Analysis



Iid Accesses

Iid Model: Suppose the accesses to keys [1..n1] in BST are i.i.d. randomly drawn with
probabilities p1, ..., p,.



Iid Accesses

Iid Model: Suppose the accesses to keys [1..n1] in BST are i.i.d. randomly drawn with
probabilities p1, ..., p,.

n
~ Expected search cost in a BST T given by Z pi [depthT (@) + 1}
i=1



Iid Accesses

Iid Model: Suppose the accesses to keys [1..n1] in BST are i.i.d. randomly drawn with
probabilities p1, ..., p,.

n
~ Expected search cost in a BST T given by Z pi - depth, @)
i=1

» If p; known up front, can compute static optimal BST via dynamic programming

~ Cost of this optimal tree Copr can be bounded in terms of the entropy

Lemma 2.1 (Bayer 1975)

n
H-1gH-1ge+1 < Copr £ H+1 for %:Zp,'lg(l/pi)
i=1

E Bayer: Improved Bounds on the Costs of Optimal and Balanced Binary Search Trees, M.Sc. Thesis, MIT 1975



Move-to-Root on iid Accesses

Lemma 2.2 (MTR ancestors)

Let T be a tree maintained by the move-to-root heuristic ao keys.
Then (7) is an ancestor of @ iff the most recent request for ; came after the most recent
requests ofany of i +1,...,].

Similarly, @ ancestor of () iff j requested more recently than any of 7,...,j — 1.

&

@
L= | ——
Ti‘;’o_&\. ”‘;S‘ @ GA——ULSC’DE Oqg @ Covvel LL::N Qtu\;_;_qé (MTR‘)
Lokt
‘C‘:L‘ Q@CersSNRy \0 Bﬂ O& Com ) (O“& t ﬁa)l

)

gl



Move-to-Root on iid Accesses

Lemma 2.2 (MTR ancestors)

Let T be a tree maintained by the move-to-root heuristic and i < j two keys.

Then (7) is an ancestor of @ iff the most recent request for i came after the most recent
requests ofany of i +1,...,].

Similarly, @ ancestor of () iff j requested more recently than any of 7,...,j — 1.

Recall A;. = [@ ancestor of @]

Corollary 2.3 pi

Under the iid accesses model and MTR heuristic, P[Aj] =



Move-to-Root on iid Accesses — Analysis

Posnrss assvee + evoy bey acwsud ot ash one
Theorem 2.4 (MTR cost) Aoy y bey

Let Cyirr be the expected search cost under the i.i.d. model in a tree T maintained by MTR
PiPj
C = 1+2 _

< 1+2In2-H
1<i<j<n pi

. !
§ U T e lolg)
V.99 =t
Move-to-Root has close to optimal search cost in the i.i.d. model!



Move-to-Root on iid Accesses — Analysis

Theorem 2.4 (MTR cost)
Let Cyirr be the expected search cost under the i.i.d. model in a tree T maintained by MTR.
Curr = 1+2 Z — PP 142m2-%
e Bl U
<i<j<n
Move-to-Root has close to optimal search cost in the i.i.d. model!
Proof:

35""“)3

Cmtr = Z pi ((1 aF depth(@))
i=1



Move-to-Root on iid Accesses — Analysis

Theorem 2.4 (MTR cost)
Let Cyirr be the expected search cost under the i.i.d. model in a tree T maintained by MTR.

PiPj
C = 1+2 ———— < 142In2-K
MTR + 1<Z pit-tp +t2in @7 <
<i<j<n
Move-to-Root has close to optimal search cost in the i.i.d. model! C%

Proof:

O
n n ; \
CMTR = Z pi- (1 + depth(@)) = Z pi- (1 Tr Z [E[AZ]) @
i=1 i=1

j#i



Move-to-Root on iid Accesses — Analysis

Theorem 2.4 (MTR cost)
Let Cyirr be the expected search cost under the i.i.d. model in a tree T maintained by MTR.
Cmrr = 1+2 Z __ PP < 1+42In2-K <
1Sy Pit P
<i<j<n
Move-to-Root has close to optimal search cost in the i.i.d. model!

Proof:

Cmrr = Zn: pi- (1+depth(@D)) = Zn] pi- (1 gl Z [E[Af])
i=1 i=1 j#i
=1+ izpiE[A{]

i=1 j#i



Move-to-Root on iid Accesses — Analysis

Theorem 2.4 (MTR cost)
Let Cyirr be the expected search cost under the i.i.d. model in a tree T maintained by MTR.

pipj

1<icien Pit TP

< 1+42In2-%K <

Move-to-Root has close to optimal search cost in the i.i.d. model!

Proof:

CmrR Z pi- (1+depth(@D)) = Z pi- (1 gl Z [E[Af])
i=1 i=1

j#i

n - e
N = 5
1= ZZP [E[A7] Lt o (RN
i=1 j#i ¢ 2

pipj
1<i<j<n pit-+pj

1+2

This proves the first part.



Move-to-Root on iid Accesses — Analysis

Proof (cont.):

. + .o + g
Mehlhorn’s trick: 6;; = & Pi ~ 1 =08i; £ 06iip1 £+ < 0in < i

pi pi



Move-to-Root on iid Accesses — Analysis

Proof (cont.):
pit---+pj

Mehlhorn’s trick: 6;; = o
1

CmrR = 1+22p, Z ﬁ
2 ]

i=1  j=i+l



Move-to-Root on iid Accesses — Analysis

Proof (cont.):

Oiiv1 < -+ <

e g
Mehlhorn’s trick: 6;; = % ~ 1 =6 <
1
Curr = 1+ZZF’: Z Dt 1P
i i
i=1  j=i+l 8‘_). — ‘S",J"
< 61] z] 1
= 1+2ZP1 Z — gc‘
i=1  j=i+l ] '




Move-to-Root on iid Accesses — Analysis

Proof (cont.):

o pitetp 1
Mehlhorn'’s trick: 6;; = ———— ~ 1= 0i; € 0ijjs1 £ - £ 0jp £ —
Pi pi
CMTR = 1+ZZP,Z -
i=1  j=i+l pit tPi

< 61] z]l
1+2Zp, > =

i=1 j=i+l Ly




Move-to-Root on iid Accesses — Analysis

Proof (cont.):

o _pitetp 1
Mehlhorn'’s trick: 6;; = ———— ~ 1= 0i; € 0ijjs1 £ - £ 0jp £ —
Pi pi
CMTR = 1+22p,
i=1 ]zz+:1p‘ tPj
5 61] i,j=1 b
=1+22p,zf a<b = (b-a)-1=["ldv< [ ldx

i=1 j=i+l Ly

n-1 8ij 1
l+22piz /x_‘ ;dx

=1 j=i+l Y X501
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Move-to-Root on iid Accesses — Analysis

Proof (cont.):

’ . pit--tpj 1
Mehlhorn’s trick: 6;; = p— 1= 81 < Biis1 S o < iy < .
! 1

Cmrr = 1+22p,2p o
i=1 2

j=i+l
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Move-to-Root on iid Accesses — Analysis

Proof (cont.):

Mehlhorn’s trick: 6;; =

CmtR

n-1 n )
142 Z pi Z —
i=1 j=i+l
n—1 n
1423 pi D)
i=1 j=i+1
n-1 n
1+2 pi

/xb 1dx = In(b) — In(a) = In(b/a)

i=1 x=0j,i % —r
n-1 n—1
1+2 ) piln(din/6ii) < 1+21n22p1-1g(1/pi) = 1+2In2-K [ |

i=1 i=1



Unbalanced BSTs under i.i.d. model

Interestingly, the same cost result from unbalanced BSTs!

» Suppose we repeatedly draw x i.i.d. from [1..n] w/p p1,...,pu
» We insert x into initially empty unbalanced BST T
> If x is already contained in T, the insertion has no effect

> Repeat until saturation (i. e., until we have seen every value x € [1..11])
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Unbalanced BSTs under i.i.d. model

Interestingly, the same cost result from unbalanced BSTs!

> Suppose we repeatedly draw x i.i.d. from [1..n] w/p p1,...,Pn
» We insert x into initially empty unbalanced BST T
> If x is already contained in T, the insertion has no effect

> Repeat until saturation (i. e., until we have seen every value x € [1..11])

pi

Since insertions are i.i.d., probability that i is inserted first among [i..j] is P
Pisess s Dy
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Unbalanced BSTs under i.i.d. model

Interestingly, the same cost result from unbalanced BSTs!
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Unbalanced BSTs under i.i.d. model

Interestingly, the same cost result from unbalanced BSTs!

> Suppose we repeatedly draw x i.i.d. from [1..n] w/p p1,...,Pn
» We insert x into initially empty unbalanced BST T
> If x is already contained in T, the insertion has no effect

> Repeat until saturation (i. e., until we have seen every value x € [1..11])

Since insertions are i.i.d., probability that i is inserted first among [i..j] is ﬁ
T
g 1< '
- U:D[Al] _ pi ‘ Pj
] pi . .
— i>]
PiPj

~ Cr = 142 < 1+42mIn2-H

1<i<j<n pitet Pi

Both unbalanced BST and Move-to-Root behave well under i.1.d. model.



Move-to-Root’s Blind Spot

Problem: Can't rely on accesses to be random.

Theorem 2.5 (Move-to-Root Bad Case)
There exists a sequence of 1 requests, such that starting from any tree T, the amortized access
cost over the course of the # requests is Q(1).

Proof:
see exercises



2.3 Splay Trees



Splay Trees

Splay trees by now the most widely known self-adjusting data structure.

[{b reasonably simple and fast
fb simple to implement

[ﬁ remarkable theoretical properties (access theorems) ~-» later

[@ many writes and pointer chases

& /7 Sleater, Tarjan: Self-Adjusting Binary Search Trees, JACM 1985

10



Move-to-root reloaded

What's wrong in Move-to-front?

()
A g

Let’s look at the possible cases of parent and grandparent

11



Move-to-root reloaded

What's wrong in Move-to-front?

()
A g

Let’s look at the possible cases of parent and grandparent

rotateParent(a)
—
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Move-to-root reloaded

What's wrong in Move-to-front? Let’s look at the possible cases of parent and grandparent

®
/A

rotateParent(a)
—

Using simple rotateParent calls, the subtree we came from (B or C) is lifted up!

11



Move-to-root reloaded

What's wrong in Move-to-front?

()
A g

Let’s look at the possible cases of parent and grandparent

rotateParent(a)
—
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Move-to-root reloaded

What's wrong in Move-to-front?

Let’s look at the possible cases of parent and grandparent

rotateParent(a)
—
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Move-to-root reloaded

What's wrong in Move-to-front?

Let’s look at the possible cases of parent and grandparent

rotateParent(a)
—
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Move-to-root reloaded

What's wrong in Move-to-front? Let’s look at the possible cases of parent and grandparent

rotateParent(a)
—

Here, simple rotateParent calls do not lift C up!

11



The Fix

In the case that both parents are right children, do a double rotation

Now both C and D are lifted up!

12



Splay

Aggressive restructuring allows to base all operations on single primitive: splay

splay(T, x)
—

def splay(T, x):
while x # T.root
p = parent(x)
if p ==T.root
rotateParent(x) # Zig Case
else:
g = parent(p)
if p==g.left Ax ==p.left or p == g.right A x == p.right:
doubleRotateParent(x) # Zig-Zig Case
else:
rotateParent(x) # Zig-Zag Case
rotateParent (x)



Splay — Insert
1. splay(x,T) ~» rootyandT; <y <T, (key order)
2. If x = y (key already stored) return.

3. Otherwise, w.l.0.g. x < y, can simply make x new root.

splay(T, x) —
—

14



Splay — Delete

i

LN U

splay(T, x) ° splay(Ty, x) .
VAN

splay(x,T) ~-» root x (or not part of tree and we're done)
Remove x, left with Ty and T,
splay(x,Ty) ~» rooty = max(Ty) and y.right = null

y.right :== T,

fo\ /o)

15



Splay — Delete

i

LN U

splay(x,T) ~-» root x (or not part of tree and we're done)
Remove x, left with Ty and T,
splay(x,Ty) ~» rooty = max(Ty) and y.right = null

y.right :== T,

splay(T, x) ° splay(Ty, x) . 0
VAN AN YA

Note: We've effectively built join ~- naturally supported via splay.

split even more directly supported via splay: split(T,x): splay(T, x), return (x.left, x)

https:Jwww.cs.usfea.edu/-galles/visualization/SplayTree. hitm(

15



2.4 Analysis of Splay Trees



Rotation Cost

Note: In all operations, we follow a search path and \si)lel
(For delete twice)

splay walks back up search path
~» use k = O(d) rotations for splaying node at depth d.

~+ cost is dominated by k = #rotations in splay calls.

16



Rotation Cost

Note: In all operations, we follow a search path and splay.
(For delete twice)

splay walks back up search path
~» use k = O(d) rotations for splaying node at depth d.

~+ cost is dominated by k = #rotations in splay calls.

Clearly, individual operations could be expensive (use k = ()(n) rotations).

~» Can only hope for an amortized bound on k
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Rotation Cost

Note: In all operations, we follow a search path and splay.
(For delete twice)

splay walks back up search path
~» use k = O(d) rotations for splaying node at depth d.

~+ cost is dominated by k = #rotations in splay calls.

Clearly, individual operations could be expensive (use k = ()(n) rotations).

~» Can only hope for an amortized bound on k

We define a potential function ® = ®(T) such that

A® = change in potential

Goal: If splay(x) uses k rotations, then |k+ @ —® < 1+3- (r'(x) y r(x))

I
. change in “rank” of x
~+ Released potential can pay for actual cost k

16



Splay Tree Potential
We choose a general method that will give several cool results.

» For that, we allow each node x to have a weight w(x)

17



Splay Tree Potential
We choose a general method that will give several cool results.
» For that, we allow each node x to have a weight w(x)

s(x) = Z w(v)

veT:
x ancestor of v

» The size of a node x is defined as > wix)
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Splay Tree Potential
We choose a general method that will give several cool results.
» For that, we allow each node x to have a weight w(x)

s(x) = Z w(v)

veT:
x ancestor of v

» The size of a node x is defined as

» The rank of node x is [r(x) = 1g(s(x)) ]

17



Splay Tree Potential
We choose a general method that will give several cool results.
» For that, we allow each node x to have a weight w(x)

s(x) = Z w(v)

veT:
x ancestor of v

» The size of a node x is defined as

» The rank of node x is [r(x) = 1g(s(x)) ]

» The potential of a treeis|P = Z r(v)
veT

» We always denote with @, 7, s the quantities before an operation
and with @', 7/, s” the quantities after an operation

17



The Access Lemma

def splay(T, x):
while x # T.root
p = parent(x)
if p ==T.root
rotateParent(x) # Zig Case
else:
g = parent(p)

if p==g.left Ax ==p.left or p == g.right A x == p.right:

doubleRotateParent(x) # Zig-Zig Case
else:

rotateParent(x) # Zig-Zag Case

rotateParent (x)

Lemma 2.6 (Access Lemma)

For any weakly positive node weights w, the amortized cost

IA

(a) fora Zigis 143(r(x) — r(x))
(b) fora Zig-Zigis < 3(r'(x) —r(x))
3(r'(x) = r(x))

A

IA

(c) for a Zig-Zag is

[r(x) = lg(s(x))]

s(x) = Z w(v)

veT:
x ancestor of v

'Q out sf;ﬁar/ st u‘é &
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Access Lemma - Proof
(a) foraZigis <1+3(r'(x) - r(x))
anx
1+ 3-8 oudy wadss
/

el cost

= 4+ (’/a)+v/(y) = (/c\ﬁfx(y)

1+ ') - ()

N

N

1+ (¢t d(ag

ou(ﬂw‘QL( T, T, T3

19



Access Lemma — Proof

(b) for a Zig-Zig is < 3(r'(x) — r(x))

1+ &'-3

= Qg (X el ?) —vlx) - () — (=)
\X/;\J

< 2+ o +lz) - Dl Gy 2 v ly)

A

g (“( /(x) - ((k\)

b shos Q¢ ) — 63 - «(2)

W
X
b&
X
3
U\
X
X
3
X
N
N

19
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Access Lemma — Proof P SN SRV

(c) for a Zig-Zag is < 3(r'(x) — r(x)) Ao [\ : A 2 JAWAVAY
gragt = : AA A

o+ CEL@ = Q4+ e (e 2) —il-) - y) — r(?)

IN

2 *\'((VM' (/(?) = &((x)
A (') —v ()

chows Qe lx) = < 'ly) = ¢1(2)

ACA '(2)
Q
((,) 5/ // ) ==
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) VRN
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SG v s(2) e s
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Splay Cost

Corollary 2.7

The amortized cost to splay a tree with root f at node x is at most

3(r(t) —r(x)) +1 = O(log(ﬂ))

s(x
. (x)
e &
Lemma 2.6 (Access Lemma)
For any weakly positive node weights w, the amortized cost
(a) fora Zig is < 1+3(r'(x) - r(x))
(b) fora Zig-Zigis < 3(r'(x)—r(x))
~ (c) foraZig-Zagis < 3(r'(x) - r(x))

o o sy shp ol

20



Splay Cost

Corollary 2.7

The amortized cost to splay a tree with root f at node x is at most

3(r()—r(x)) +1 = O(log(%))

Proof:

Splay does rotations involving the same node x until it is the root.

~ The rank differences telescope.
~> Result follow from Lemma 2.6.

20



Splay Cost

Corollary 2.7
The amortized cost to splay a tree with root f at node x is at most
s(t)
3(r(t)— 1 = Ollog|—=
(r(t) —r(x)) + ( Og(s(x)))
Proof:
Splay does rotations involving the same node x until it is the root.

~ The rank differences telescope.
~> Result follow from Lemma 2.6.

Lemma 2.8 (Potential drop)

If weights w(x) are fixed, the potential drop over a sequence of 1 splay operations is

Oy -P,, < Zlg(%) where W:Zw(x)

xeT xeT

20



Splay Cost

Corollary 2.7

The amortized cost to splay a tree with root f at node x is at most
_ s(t)

3(r() —r(x)) +1 = O(log(s(x)))

Proof:

Splay does rotations involving the same node x until it is the root.
~ The rank differences telescope.
~> Result follow from Lemma 2.6.

Lemma 2.8 (Potential drop)

If weights w(x) are fixed, the potential drop over a sequence of 1 splay operations is

2%
Oy -P,, < Zlg(m) where W—Zw(x)
Proof:

Alwayshave ® < nlgWand ® > ) ..rlgw(x) (by definition)
So®,, < nlgWand @y > ) lgw(x).

20



Splay Tree — Results

Theorem 2.9 (Balance Theorem)

Consider a splay tree containing 7 keys and an arbitrary sequence of 1 accesses to these keys.

The total access time is O(n logn + m log n).

!

Pﬂ"’g" CLOQ;J p‘l(?‘} = " m: 4

=D

@& g @Nq\'\\o\’\ (/\as MO-K;L\[LLé QAS%

OC () = OClesw)

hal cosf o wn epuesbion = ?

Corollary 2.7

The amortized cost to splay a tree with root f at node x is at most

3(r(t) —r(x)) +1 = O(log(%))

+ A-F,
Olu 29

21



Splay Tree — Results [2]

Fix an access sequence X = x1, ..., x;; on the n nodes in splay tree T, and denote by
pi = |X|;/m the relative frequency of i in X.

Theorem 2.10 (Static Optimality)

Assume access sequence X contains all # nodes (i.e., p; > 0 for all 7).

A splay tree serving access X incurs total cost O (1 (J + 1)) for I = Z pilg(1/pi).
i=1 ,
(ESWALW'AQQ}’ @PH“"“R (fnv‘ii“cu«*‘ QQQADW>

L wlab MTR m»riu‘emcl)
Prw}f wl() = p = W=1

4 Corollary 2.7
A HULA ey p @ O( 005 {T >\ The amortized cost to splay a tree with root ¢ at node x is at most
¢

w ) 3(r(t)—r(x)) +1 = O(lng(ﬂ))
T el () €32 ¥l B (57)

s(x)
c=10

- - 4 2 {i(- < \mrtl}
= 3wm- 2 9;%(1’/};) = LM g. &, < 2; s(11p,)

™M 2 9
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Splay Tree — Results [3]

Theorem 2.11 (Static Finger Theorem)

For any fixed node f (the “finger”), the total cost of access sequence X is

@) m+nlogn+210g(1+|x—yg
j=1

Here |x — y| is the rank distance, i. e., the number of nodes z € T withx <z < x (orx <z < y)
T

I S S O L R L =2

wl) = (de b f) We C

omachad st O (05 %B = O( &(1+1x-¢1))
Aymaw;c \C\wdﬂr 5 QC: Xy
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Splay Tree — Results [4]
For access sequence X = x1, ..., x;,, define t(j) as the number of different items accessed
since the previous access to the same node x; (or since beginning)

Theorem 2.12 (Working Set Theorem)

m
The total cost of access sequence X is O m + nlogn + Z log(1 + £(j))
j=1

Eﬂi%&i Ag!y‘j‘/‘ N\SCL) i %, } ¢ — A’D [‘Lu,«; fen crtLr C»Q Q\NP Qoo
3

W = 001

3

N A4
‘Eﬂlr((' @ceLy [/ch) cam. aest O< le :(‘d)\ = O(%(i/{m;))fO(@ éé&

hoey - tnd o ch»é;z WJULK/

a&L\, a2l Qo PMWJ"( :»M{S(AH o Wzﬁuﬁcpﬁ‘u T SQrL&A R
by ¢05)

uM ch}mi i‘&t«« 310'5 i
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What makes Splay tick?

When you rotate constantly, it is easy to lose orientation in the forest . ..

A global view of Splay
10,
iy 9 o’
@x 10® P9 §
7@; 3 e ¢ « ° /."
\ / 10% 3

— 7% [y — N
"% 6e . 3¢ ./q\; ,/ @

. 5 e 6 1

|'< e

Fig.2: A global view of splay trees. The transformation from the
left to the middle illustrates rotate-to-root. The transforma-
tion from the left to the right illustrates splay trees.

€

Splay: Splay extends rotate-to-root: Let s = vy,
v1, ... v be the reversed search path. We view
splaying as a two step process, see Figure 2. We
first make s the root and split the search path into
two paths, the path of elements smaller than s and
the path of elements larger than s. If vg; 41 and
Vgi+2 are on the same side of s, we rotate them,
i.e., we remove va; b from the path and make it a
child of vg; ;.

Proposition 17. The above description of splay is
equivalent to the Sleator-Tarjan description.

E Chalermsook, Goswami, Kozma, Mehlhorn, Saranurak: Self-Adjusting Binary Search Trees: What Makes Them Tick?, ESA 2015

Intuition:

»> Move-to-root = treap with newly accessed element gets new maximal priority
» Splay = that, plus demotion of even index if previous on same side

25



Anything magic about Splay?

Same paper shows: whole class of rearrangements satisfy access lemma

-

Characteristic quantities of the search path and the after-tree:

@ length of search path: |P)|
@ number of zigzags: z
@ number of leaves: £

@ max left-depth or right-depth: d

Theorem. If, for every search:
(1) max left/right depth: d=0(1),
(2) number of leaves+zigzags: £+ z = Q(|P|)

— Algorithm shares many known good properties of Splay.

€

®-Gox

Lészl6 Kozma, Binary search trees, rectangles and patterns, slides, http://waw. Lkozma.net/research. html
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2.5 Biased Search Trees



Updates in Splay Trees
We've already seen: insert, delete, split, join all implemented on top of splay
> suffices to analyze these splay calls.

> but: potential so far only defined for fixed tree!
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Updates in Splay Trees

We've already seen: insert, delete, split, join all implemented on top of splay
> suffices to analyze these splay calls.
> but: potential so far only defined for fixed tree!

Dynamic Splay Tree Potential
> general state: collection T of splay trees (initially empty)

> all items ever inserted exist from the beginning in the“item ether” € (outside any tree)
deleted items go back to the ether

~ universe U of items is fixed

> assume every item in at most one tree at any time

<@ = 3 S + 3 o)

TeT xeT xe&
v (x) © ()
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Updates in Splay Trees

We've already seen: insert, delete, split, join all implemented on top of splay
> suffices to analyze these splay calls.
> but: potential so far only defined for fixed tree!

Dynamic Splay Tree Potential
> general state: collection T of splay trees (initially empty)

> all items ever inserted exist from the beginning in the“item ether” € (outside any tree)
deleted items go back to the ether

~ universe U of items is fixed

> assume every item in at most one tree at any time
- @ = ) N Igs) + ) Igw(x)
TeT xeT xeé

Notation: For x € U and T clear from context, abbreviate
x_ = predecessory(x) and x; = successory(x)
27



Analysis of Updates
Theorem 2.13 (Splay Tree Update Lemma)

For any assignment of weights w : U — R, the amortized operation costs are upper bounded by

(a) accesst(x) where x € T: 3lg( ) +1 for W = Z w(x) 6 - ¢ (X)B
() xeT S
W SR AN
(b) accesst(x) where x ¢ T: 3lg(max{ —}) +1
(x-)" w(xs)
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Analysis of Updates
Theorem 2.13 (Splay Tree Update Lemma)

For any assignment of weights w : U — R, the amortized operation costs are upper bounded by

(a) accessy(x)wherex € T: 3lg( @ )) +1 for W = Z w(x)
x€eT
(b) accesst(x) where x ¢ T: 31g(max{ i i}) +1
(x-)" w(xs)

(c) join(Tq, Tr): 3lg(w—) +0(1) for x = max(Ty), W = Z w(x) + Z w(x)

x)
x€Ty x€T

A~
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Analysis of Updates
Theorem 2.13 (Splay Tree Update Lemma)

For any assignment of weights w : U — R, the amortized operation costs are upper bounded by
(a) accessy(x)wherex € T: 3lg(ﬂ) +1 for W = Z w(x)

w(x) x€eT

(b) accessy(x)wherex ¢ T:  3lg max{l, L}) 41l
w(x-)" w(xs)

(c) join(Tq, Tr): 3lg wv(\;)) + O(1) for x = max(Ty), W = Z w(x) + Z w(x)
x€Ty x€T
w
m) + O(1) for W = Z w(x)

xeT

(d) splity(x)where x € T: 31g(

(e) splity(x)where x ¢ T: 31g[max W l}) + O(1)

w(x-)" w(xs)
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Analysis of Updates
Theorem 2.13 (Splay Tree Update Lemma)

For any assignment of weights w : U — R, the amortized operation costs are upper bounded by

(a) accessy(x)wherex € T: 3lg(%) +1 for W = Z w(x)
x€eT

(b) accessy(x)wherex ¢ T:  3lg max{l, i}) 41l
w(x-)" w(xs)

(c) join(Tq, Tr): 3lg wv(\;)) + O(1) for x = max(Ty), W = Z w(x) + Z w(x)
x€Ty x€T
w
W) + O(1) for W = Z w(x)

xeT

(e) splity(x) where x ¢ T: 3lg w(x) w(xs)
- +

W-—w(x) W —w(x)}) +lg(£) +0O(1)

w(x)

(d) splity(x)where x € T: 31g(
() insertp(x): 3lg(

ST Do
{

w(x-) " w(xs)
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Analysis of Updates
Theorem 2.13 (Splay Tree Update Lemma)

For any assignment of weights w : U — R, the amortized operation costs are upper bounded by
(a) accessy(x)wherex € T: 3lg( @ )) +1 for W = Z w(x)
x€T

(b) accessy(x) wherex ¢ T:  3lg max{ )’ w(x+)}) +1

) + O(1) for x = max(Ty), W = Z w(x) + Z w(x)

x€Ty x€T

(¢) join(Ty, Tr): 3lg

(d) splity(x)where x € T: 3lg x)) +0(1) for W = Z w(x)

xeT

8

|
(&
|
|
|
|

(e) splity(x)where x ¢ T: 3lg max{w(x y w(x+)}) + O(1)
() insertp(x): 3lg max{ Ww(;u(x)/ Ww(:i()X)}) + lg(wﬂx)) +0(1)
(@) deleter(x): 31g ﬂ) +31 (W w(")) +0(1)

(x-)

w(x)



Analysis of Updates — Proof
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Biased Search Trees
Biased search trees are a refinement of sorted dictionaries where

> elements have known weights w(x) (that the data structure can use)
> supports biased search costs (as in Theorem 2.14 when using these weights)

> there is an explicit changeWeighty(x, 6) operation that sets w(x) := w(x) + 6
(o
Seacch caaég Qj /"W’C;T + i)
T{j V\)(X) << 1; W(K} == 27\'\ Cmga 192 CL& AJPJ\L "
corn b—@ L\‘USL‘{' GQ {“-NLL Oroo\gm>
WD ¢ =

o (<) o= -
%
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Biased Search Trees

Biased search trees are a refinement of sorted dictionaries where

> elements have known weights w(x) (that the data structure can use)
> supports biased search costs (as in Theorem 2.14 when using these weights)

> there is an explicit changeWeight;(x, 6) operation that sets w(x) := w(x) + 6

» prior to Splay Trees solved via globally-biased 2, b trees

4 // Bent, Sleator, Tarjan: Biased search trees, SICOMP 1985

~ achieves all operations in worst case biased time

» rather intricate invariants and higher overhead

> biased access times also achievable via randomization: treaps, zip-zip trees

30



Weight Changes

Lemma 2.14 (Weight Changes)

For any assignment of weights w : U — R, the amortized operation costs are upper
bounded by

1)
(a) changeWeighty(root(T), o) where 6 > 0: lg(l + W) for W = Z w(x)
xeT
(b) changeWeighty(root(T), o) where 6 < 0: 0
Note: For changeWeight on arbitrary item x, first splay(x) at cost 3 lg( @ ))
ﬂma‘ ”) FAN m <O

C‘) A@ = ¢5[l,\']a-§> —pa/b\o = O-EZML:;Q): %[4,,, £)
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2.6 Excursion: Online Algorithms



Online Problems
Online Problem
» algorithmic problem where input is only revealed over time

» and decisions/outputs need to be made along the way

» Typical example: stock trading, many scheduling problems
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Online Problems
Online Problem
» algorithmic problem where input is only revealed over time

» and decisions/outputs need to be made along the way

» Typical example: stock trading, many scheduling problems

» default mode of thinking for data structures!

» usually must answer one query before we receive the next

Opposite: Offline Problems
> get entire sequence of requests up front

~~ can work out solution with foresight
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Elevator (a.k.a. Ski Rental) Problem

The Elevator Problem* *Rent skis or buy when not known how many days of snow left.
y Y

» Suppose you arrive in a building and need to go k floors up.
» You can either take the stairs, which takes you 1 min per floor ~- kmin.

» Or take the elevator, which takes only 1 min for the k floors ... once it has arrived!
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The Elevator Problem* *Rent skis or buy when not known how many days of snow left.

» Suppose you arrive in a building and need to go k floors up.

» You can either take the stairs, which takes you 1 min per floor ~- kmin.

v

Or take the elevator, which takes only 1 min for the k floors ... once it has arrived!

\4

The elevator arrives after w min, where you know w € [0..B) ~» w + 1min

v

Assume B is a finite bound, but B > k.

What should you do (to minimize time)?
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Elevator (a.k.a. Ski Rental) Problem

The Elevator Problem* *Rent skis or buy when not known how many days of snow left.

» Suppose you arrive in a building and need to go k floors up.

» You can either take the stairs, which takes you 1 min per floor ~- kmin.

v

Or take the elevator, which takes only 1 min for the k floors ... once it has arrived!
» The elevator arrives after w min, where you know w € [0..B) ~» w + 1min

» Assume B is a finite bound, but B > k.

What should you do (to minimize time)?
» Just walk?
» Wait for 2 min, then walk?

> Wait as long as it takes?
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Elevator (a.k.a. Ski Rental) Problem

The Elevator Problem* *Rent skis or buy when not known how many days of snow left.

» Suppose you arrive in a building and need to go k floors up.

» You can either take the stairs, which takes you 1 min per floor ~- kmin.

v

Or take the elevator, which takes only 1 min for the k floors ... once it has arrived!
» The elevator arrives after w min, where you know w € [0..B) ~» w + 1min

» Assume B is a finite bound, but B > k.

What should you do (to minimize time)?
» Just walk?
» Wait for 2 min, then walk?
> Wait as long as it takes?

Impossible to tell what is better without some assumption on w, e. g., distribution assumption.
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Elewaiting as Sequence of Requests

> formally, instance of online problem is sequence of requests x = x1, ...

» our algorithm A must produce output after each request
At time f, output y; = A(xq,...,x¢)

» overall cost on instance depends on sequence of outputs
A(x) = cost(A(x1), ..., Alx1,...,xT))

/xT
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Elewaiting as Sequence of Requests

> formally, instance of online problem is sequence of requests x = x1, ...

» our algorithm A must produce output after each request
At time f, output y; = A(xq,...,x¢)

» overall cost on instance depends on sequence of outputs

A(x) = cost(A(x1), ..., Alx1,...,xT))

~~ Elevator Problem

» x; = [elevator arrives at time ], T=B

> y; = [take stairs at time ¢]

/‘xT
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Competitive Analysis

Elegant alternative to (potentially unrealistic) random models: competitive analysis

» Suppose OPT(x) is the (cost of the) optimal offline solution for x
Note: OPT knows the future (entire access sequence x)
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Competitive Analysis

Elegant alternative to (potentially unrealistic) random models: competitive analysis

» Suppose OPT(x) is the (cost of the) optimal offline solution for x
Note: OPT knows the future (entire access sequence x)

» For the elevator problem, OPT would wait if w < k — 1 and walk right away otherwise.

~ OPT(w) = min{w + 1, k}

Definition 2.15 (Competitive ratio)

The competitive ratio of an online algorithm A (for size n) is

¢ = max A(X)
~ x " OPT(x)

We say that A is c-competitive.

where the maximum is taken over all instances of size 7.
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Elegant alternative to (potentially unrealistic) random models: competitive analysis
» Suppose OPT(x) is the (cost of the) optimal offline solution for x
Note: OPT knows the future (entire access sequence x)
» For the elevator problem, OPT would wait if w < k — 1 and walk right away otherwise.
~ OPT(w) = min{w + 1, k}
Definition 2.15 (Competitive ratio)
The competitive ratio of an online algorithm A (for size n) is

¢ = max A(X)
~ x " OPT(x)

We say that A is c-competitive.

where the maximum is taken over all instances of size 7.

. . . k
> competitive ratio of “Just walk” is max ————~ =
wel0..8) min{k, w + 1}
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Competitive Analysis

Elegant alternative to (potentially unrealistic) random models: competitive analysis

» Suppose OPT(x) is the (cost of the) optimal offline solution for x
Note: OPT knows the future (entire access sequence x)

» For the elevator problem, OPT would wait if w < k — 1 and walk right away otherwise.

~ OPT(w) = min{w + 1, k}

Definition 2.15 (Competitive ratio)

The competitive ratio of an online algorithm A (for size n) is

¢ = max A(X)
~ x " OPT(x)

We say that A is c-competitive.

where the maximum is taken over all instances of size 7.

. . . k
> competitive ratio of “Just walk” is max ————~ =
wel0..8) min{k, w + 1}

+1 B
> “Always wait” has max w— = —
wel0..B) min{k, w + 1} k
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Competitive Elewaiting
Can do much better by hedging out bets a bit: .A; waits f min then walks

w+1 w<t

> Ax(w) = {

t+k w>t
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Competitive Elewaiting

Can do much better by hedging out bets a bit: .A; waits f min then walks

w+1 w<t

> Ax(w) = {

t+k w>t

~+ Optimal choice for ¢

arg min max M
t wef0..8) OPT(w)

~ Ay is 2-competitive

36



Further Famous Online-Algorithms

» Move-to-Front is 4-competitive for the list-update problem
assuming only local swaps are allowed . e b bo cms weodl

»> LRU is k-competitive in online paging (maintaining a cache of size k)

» Online bin packing (which box to put new item into, repacking not allowed)

37



2.7 Dynamic Optimality



Adaptive Trees as Online Algorithm

> Serving unknown access sequence to nodes of a BST is an online problem par excellence
Note: Focus here on access-only (no insertions & deletions).

> Splay trees are an online algorithm for this problem!
explicitly designed to do well in spite of not knowing the future
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Adaptive Trees as Online Algorithm

> Serving unknown access sequence to nodes of a BST is an online problem par excellence
Note: Focus here on access-only (no insertions & deletions).

> Splay trees are an online algorithm for this problem!
explicitly designed to do well in spite of not knowing the future
Compare to what

» OPT gets entire access sequence in advance

» but need to fix what it is allowed to do! when is an access counted as served?

The BST Model of Computation
> Atany point in time, maintain a BST over [1..1], and a finger (pointer) at one node.
Initial tree can be chosen by algorithm. (doesn’t matter if access sequence long)
» Each step of the “computation” is one of the following 5 operations:
» move finger from the current node to left child, right child, or parent (assuming they exist)
> rotate the parent edge of the current node (assuming not at root)

» find: report the current node as the sought value, reset finger to root of tree

~ OPT finds shortest valid sequence of operations serving accesses
- 38



The Splay Tree Conjecture

Since Splay trees have all the strong adaptive properties, Sleator and Tarjan immediately conjectured:

-

CONJECTURE 1 (DYNAMIC OPTIMALITY CONJECTURE). Consider any sequence
of successful accesses on an n-node search tree. Let A be any algorithm that carries
out each access by traversing the path from the root to the node containing the
accessed item, at a cost of one plus the depth of the node containing the item, and
that between accesses performs an arbitrary number of rotations anywhere in the
tree, at a cost of one per rotation. Then the total time to perform all the accesses

by splaying is no more than O(n) plus a constant times the time required by algo-
rithm A.

N
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The Splay Tree Conjecture

Since Splay trees have all the strong adaptive properties, Sleator and Tarjan immediately conjectured:

-

CONJECTURE 1 (DYNAMIC OPTIMALITY CONJECTURE). Consider any sequence
of successful accesses on an n-node search tree. Let A be any algorithm that carries
out each access by traversing the path from the root to the node containing the
accessed item, at a cost of one plus the depth of the node containing the item, and
that between accesses performs an arbitrary number of rotations anywhere in the
tree, at a cost of one per rotation. Then the total time to perform all the accesses
by splaying is no more than O(n) plus a constant times the time required by algo-
rithm A. .

€

N

(paper predates the term competitive ratio . .. )

In today’s words: [CON]ECTURE 1: Splay is O(l)—competitive.J
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The Splay Tree Conjecture

Since Splay trees have all the strong adaptive properties, Sleator and Tarjan immediately conjectured:

-

€

CONJECTURE 1 (DYNAMIC OPTIMALITY CONJECTURE). Consider any sequence
of successful accesses on an n-node search tree. Let A be any algorithm that carries
out each access by traversing the path from the root to the node containing the
accessed item, at a cost of one plus the depth of the node containing the item, and
that between accesses performs an arbitrary number of rotations anywhere in the
tree, at a cost of one per rotation. Then the total time to perform all the accesses
by splaying is no more than O(n) plus a constant times the time required by algo-
rithm A.

N

(paper predates the term competitive ratio . .. )

In today’s words: [CON]ECTURE 1: Splay is O(l)—competitive.J

We're far from settling that conjecture . ..

OPEN: Is any online BST o(loglog n)-competitive?

OPEN: Are Splay trees o(log n)-competitive? a -

» Clearly, OPT(x) = Q(m) for m = |x| ~» any static balanced tree is O(log 1)-competitive
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Rotation Distance & Initial Trees

Lemma 2.16

Using at most 21 — 2 rotations, we can transform any BST on [1..1] into any other BST on the
same keys.

Note, actually 2n — 6 suffice.
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Simplified BST Model

equivalent to original model up to constant factors, but easier to design algorithms

> rearrange “top part” (touched part) of tree (connected subgraph of tree containing root)

» cost = number of nodes in top part /@\
—

<5
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Simplified BST Model

equivalent to original model up to constant factors, but easier to design algorithms
> rearrange “top part” (touched part) of tree (connected subgraph of tree containing root)
» cost = number of nodes in top part

» (isolated rotations in tree can be delayed)

» OPEN: Is restricting changes to search path w.l.0.g. in BST algorithms?
(“strict model”)

» all sensible online algorithms work that way .. .
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Simplified BST Model

equivalent to original model up to constant factors, but easier to design algorithms
> rearrange “top part” (touched part) of tree (connected subgraph of tree containing root)

» cost = number of nodes in top part
» (isolated rotations in tree can be delayed)

» OPEN: Is restricting changes to search path w.l.0.g. in BST algorithms?
(“strict model”)

» all sensible online algorithms work that way .. .

» access only at root

» at constant-factor overhead, can rotate up and back down again.
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Facts on OPT

» can be computed in exponential time (already not trivial)

» exact OPT likely NP-hard
If each access is a set of items that the algorithm may order as convenient, the problem
in known to be NP-complete
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Lower Bounds for OPT

> Most access sequences must be “hard”, i. e., require Q(i log 1) costs even for OPT

» execution of BST algorithm encodes access sequence (must serve each differently!)

» number of access sequences is 1"

» each step of a BST algorithm is one of O(1) choices

Qg(mm) = A 05 n b o ercode Wu)(’ $7g vercsy
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Lower Bounds for OPT

> Most access sequences must be “hard”, i. e., require Q(i log 1) costs even for OPT

» execution of BST algorithm encodes access sequence (must serve each differently!)
» number of access sequences is 1"

» each step of a BST algorithm is one of O(1) choices

» The bitwise reversal sequence R, needs OPT(R,) = Q(n logn) cost.
E Wilber: Lower Bounds for Accessing Binary Search Trees with Rotations, SICOMP 1989
> defined for n = 2k

» R, = (revi(0), revi (1), revi(2), ..., revi(n — 1)),
Ri16 =1(0,8,4,12,2,10,6,14,1,9,5,13,3,11,7,15)
» Wilber proved further lower bounds on OPT

revy (i) = i in binary written in reverse.
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Tango Trees
» Online BST algorithm specifically designed to stay close to one of Wilber’s lower bounds
details skipped
> achieves a competitive ratio of O(loglogn)
> may use O(log nloglog n) amortized cost ~~ not o(loglog n)-competitive

E Demaine, Harmon, Iacono, Patragcu: Dynamic Optimality — Almost, SICOMP 2007
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Greedy Future

Natural offline idea: find element, then rearrange search path as treap with
next-future-access time (to element or subtrees) as priority

» Of course an offline method since it uses the future access times
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Greedy Future

Natural offline idea: find element, then rearrange search path as treap with
next-future-access time (to element or subtrees) as priority

» Of course an offline method since it uses the future access times

> Long conjectured to be close to optimal (+m over OPT?)
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Greedy Future

Natural offline idea: find element, then rearrange search path as treap with
next-future-access time (to element or subtrees) as priority

» Of course an offline method since it uses the future access times
> Long conjectured to be close to optimal (+m over OPT?)

» Now known to be at best a 2-approximation,
and has cost OPT + Q(m loglog 1) on some access sequences

‘ Sadeh, Kaplan: Dynamic Binary Search Trees: Improved Lower Bounds for the Greedy-Future Algorithm, STACS 2023
i
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Greedy Future

Natural offline idea: find element, then rearrange search path as treap with
next-future-access time (to element or subtrees) as priority

» Of course an offline method since it uses the future access times
> Long conjectured to be close to optimal (+m over OPT?)

» Now known to be at best a 2-approximation,
and has cost OPT + Q(m loglog 1) on some access sequences

E Sadeh, Kaplan: Dynamic Binary Search Trees: Improved Lower Bounds for the Greedy-Future Algorithm, STACS 2023

» May still be an offline O(1)-approximation to OPT
OPEN: Is GreedyFuture a o(log n)-approximation?
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2.8 The Geometric View of BSTs



Different Way of Looking at BSTs

Beautiful reformulation of problem

E Demaine, Harmon, Iacono, Kane, Pitragcu: The Geometry of Binary Search Trees, SODA 2009

» inspired a new contender for a dynamically optimal BST algorithm (beyond Splay)

> made several existing results more intuitive, in particular lower bounds for OPT
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Different Way of Looking at BSTs

Beautiful reformulation of problem

Demaine, Harmon, Iacono, Kane, Pitrascu: The Geometry of Binary Search Trees, SODA 2009
» inspired a new contender for a dynamically optimal BST algorithm (beyond Splay)
> made several existing results more intuitive, in particular lower bounds for OPT

» but has not fueled the resolution of the Splay tree conjecture (yet?)
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Arborally Satisfied Point Sets
Each proper rectangle must contain another point.

Definition 2.17 (Arborally Satisfied)

A 2D point set X is arborally satisfied if it does not contain any unsatisfied rectangles.
An unsatisfied rectangle is formed by p1, p2 € X, p1 = (x1, 1), p2 = (X2, y2) with
» with x; # x7 and ;1 # y» and

> X N [x1,x2] X [y1, y2] = {p1, p2}

e
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Arborally Satisfied Point Sets
Each proper rectangle must contain another point.

Definition 2.17 (Arborally Satisfied)

A 2D point set X is arborally satisfied if it does not contain any unsatisfied rectangles.
An unsatisfied rectangle is formed by p1, p2 € X, p1 = (x1, 1), p2 = (X2, y2) with
» with x; # x7 and ;1 # y» and

> X N [x1,x2] X [y1, y2] = {p1, p2}

BST tract interpretation: X; := X N R X {t} corresponds to BST nodes touched at time ¢
4 s
7
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BST ¢ Arborally Satisfied

Theorem 2.18
A point set Y C [n] x [m] corresponds to valid BST algorithm iff Y is arborally satisfied.
C
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Minimum Arborally Satisfied Superset

Given: Set of points X C [n] x N

Goal: smallest arborally satisfied superset Y O X
» care particularly for X = {(xt, f):te [m]} for accesses x1,

» cost of BST algorithm corresponding to Y: |Y|

R
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