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Problem 1 10 + 10 points

Prove the following statements, each for n — oc.
a) Let P(n) = ag 4+ ayn + - - - + azn® be any polynomial with aj, > 0.
Then P(n) ~ axn® holds.

b) For all a, e € Ry we have n® € o(n®*¢).

Problem 2 10 4+ 10 + 20 + 20 points

Prove or disprove the following claims, each for n — oo.

a) 22n ~ 4™,
b) ¥/n = o(1).

c) For arbitrary functions f,g : N — R it holds that f(n) = O(g(n)) or g(n) =
O(f(n)).
d) (n+m)* € 0(n*) for m € O(1).
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Problem 3 10 4+ 20 + 20 + 10 points

In the lecture, several solutions for the Maximum Subarray Problem were presented. In
this exercise, you are to develop a solution for the 2-dimensional variant of the problem.
The definition of the 2D Maximum Subarray Problem is as follows:

Given an integer n x n matrix M, where M[i, j] with 0 < i, j < n gives the value of the
matrix in the i-th row and j-th column. Let zj(x1,x,) = 3,2, M[i, k] be the sum of the
rows 1 through z,, of the k-th column of the matrix. Furthermore, let S(z1,zp, y1,vq) =
Z?iyl zi(x1,p) be the sum of the submatrix of M consisting of columns y; through y,,
each with rows x1 through z,. Determine the coordinates of the maximal submatrix
Smax in M, i.e.

Smax = {(wl,mp,yl,yq) ’V(wﬁ,w;,yi,y;) 2 S(21, p, Y1, Yg) > S(:Jc’l,w;,yi,y;)}-

You can find the code base for this exercise on the course website. In addition, the code
base is also embedded in this PDF (the latter may not work with some PDF viewers):

[SubArrayProbIem.java]

Note: Shax returns a set; in the code and in this exercise it suffices to return one possible
solution.

a) The bruteForce method of the SubArrayProblem class returns a (very naive)
solution for the 2D Maximum Subarray Problem. Provide the smallest possible
upper bound in Big-O notation for the bruteForce algorithm. Justify your answer.

b) Describe in text an algorithm that solves the problem in time O(n?).

Hint: You may use the O(n) solution for the 1-dimensional problem from the
lecture. Justify the running time of your solution.

¢) Implement your solution from (b) in a method efficient in the class SubArrayProblem.

d) In the class SubArrayProblem, create a suitable experiment to empirically deter-
mine the running times of bruteForce and efficient. Plot a comparison of the
results and describe them.

Problem 4 30 points

We consider a stack S that supports the following operations:
1. PusH(S,x): Pushes element = onto the stack S.
2. Por(S): Removes the top element from the stack S.
3. MuLTIPoP(S, k): Removes the top k elements from the stack S.
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SubArrayProblem.javaimport java.util.Objects;

public class SubArrayProblem {

    /**
     * Code for 1-dimensional Max Subarray Problem
     */

    static class Result {

        private int start, sum, end;

        Result(int sum, int start, int end) {
            this.sum = sum;
            this.start = start;
            this.end = end;
        }

        public void setValues(Result result){
            this.start = result.start;
            this.sum = result.sum;
            this.end = result.end;
        }

        public void setValues(int sum, int start, int end){
            this.sum = sum;
            this.start = start;
            this.end = end;
        }

    }

    private static Result maxSubarrayProblem(int[] arr){
        Result result = new Result(arr[0], 0, 0);
        Result currentResult = new Result(arr[0], 0, 0);

        for (int i = 1; i < arr.length; i++) {
            int extendedSum = arr[i] + currentResult.sum;

            if(arr[i] > extendedSum){
                currentResult.setValues(arr[i], i, i);
            } else {
                currentResult.sum = extendedSum;
                currentResult.end = i;
            }

            if (currentResult.sum > result.sum) {
                result.setValues(currentResult);
            }
        }
        return result;
    }

    /**
     * Code for 2-dimensional Max Subarray Problem
     */

    static class SubMatrix {

        private final int xStart, xEnd, yStart, yEnd;

        SubMatrix(int xStart, int xEnd, int yStart, int yEnd) {
            this.xStart = xStart;
            this.xEnd = xEnd;
            this.yStart = yStart;
            this.yEnd = yEnd;
        }

        @Override
        public boolean equals(Object o) {
            if (this == o) return true;
            if (o == null || getClass() != o.getClass()) return false;
            SubMatrix subMatrix = (SubMatrix) o;
            return xStart == subMatrix.xStart && xEnd == subMatrix.xEnd && yStart == subMatrix.yStart && yEnd == subMatrix.yEnd;
        }

        @Override
        public int hashCode() {
            return Objects.hash(xStart, xEnd, yStart, yEnd);
        }

        @Override
        public String toString() {
            return "SubMatrix{" +
                    "xStart=" + xStart +
                    ", xEnd=" + xEnd +
                    ", yStart=" + yStart +
                    ", yEnd=" + yEnd +
                    '}';
        }
    }

    static class SubMatrixSum {
        private final SubMatrix subMatrix;
        private final int sum;

        SubMatrixSum(SubMatrix subMatrix, int sum) {
            this.subMatrix = subMatrix;
            this.sum = sum;
        }

        @Override
        public boolean equals(Object o) {
            if (this == o) return true;
            if (o == null || getClass() != o.getClass()) return false;
            SubMatrixSum that = (SubMatrixSum) o;
            return sum == that.sum && Objects.equals(subMatrix, that.subMatrix);
        }

        @Override
        public int hashCode() {
            return Objects.hash(subMatrix, sum);
        }

        @Override
        public String toString() {
            return "SubMatrixSum{" +
                    "subMatrix=" + subMatrix +
                    ", sum=" + sum +
                    '}';
        }
    }

    private static void validateMatrix(int[][] matrix){
        int rowMax = matrix.length;
        int colMax = matrix[0].length;

        if(rowMax != colMax) {
            throw new IllegalArgumentException("Matrix is not quadratic");
        }

        for (int i = 0; i < rowMax; i++) {
            if(matrix[i].length != colMax) {
                throw new IllegalArgumentException("Matrix size is invalid");
            }
        }
    }

    private static int subMatrixSum(SubMatrix subMatrix, int[][] matrix){
        int sum = 0;
        for (int x = subMatrix.xStart; x <= subMatrix.xEnd; x++) {
            for (int y = subMatrix.yStart; y <= subMatrix.yEnd; y++) {
                sum += matrix[x][y];
            }
        }
        return sum;
    }

    public static SubMatrixSum bruteForce(int[][] matrix) {
        validateMatrix(matrix);

        int rowMax = matrix.length;
        int colMax = matrix[0].length;
        int sum = Integer.MIN_VALUE;
        SubMatrix result = null;

        for(int xStart = 0; xStart < rowMax; xStart ++){
            for (int xEnd = 0; xEnd < rowMax; xEnd++) {
                for (int yStart = 0; yStart < colMax; yStart++) {
                    for (int yEnd = 0; yEnd < colMax; yEnd++) {
                        SubMatrix currentSubMatrix = new SubMatrix(xStart, xEnd, yStart, yEnd);
                        int currentSum = subMatrixSum(currentSubMatrix, matrix);
                        if(currentSum >= sum){
                            result = currentSubMatrix;
                            sum = currentSum;
                        }
                    }
                }
            }
        }

        return new SubMatrixSum(result, sum);
    }

    private static SubMatrixSum efficient(int[][] matrix){
        //TODO 1.4c)
        return null;
    }

}
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PusH and Pop have running time O(1), i.e., a sequence of n PusH or Pop operations has
running time ©(n). MULTIPOP removes the (at most) top k elements of the stack S of
size s in a sequence of Pop operations and therefore has cost min(s, k).

We now consider a sequence of PusH, Pop, and MULTIP0OP operations on an initially empty
stack. Since the stack has height at most n, MULTIPOP has running time O(n) in the
worst case. Accordingly, a sequence of n of these three operations has running time at
most O(n?). However, this upper bound is not very close to the actual cost.

Determine the amortized cost using the potential method: Determine a suitable potential
® that assigns to the stack D;, which results after the i-th stack operation, a non-negative
number ®(D;). Using this, compute the amortized cost of the three stack operations
and infer a tighter upper bound for the cost of n operations than the original O(n?).
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